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Abstract

In this article, we develop the Yoccoz puzzle technique to study a family of rational maps termed
McMullen maps. We show that the boundary of the immediate basin of infinity is always a Jordan curve if
it is connected. This gives a positive answer to the question of Devaney. Higher regularity of this boundary
is obtained in almost all cases. We show that the boundary is a quasi-circle if it contains neither a parabolic
point nor a recurrent critical point. For the whole Julia set, we show that the McMullen maps have locally
connected Julia sets except in some special cases.
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1. Introduction

The local connectivity of Julia sets for rational maps is a central problem in complex dy-
namical systems. It is well studied for classical types of rational maps, such as hyperbolic and
semi-hyperbolic maps and geometrically finite maps [4,20,29]. The polynomial case is also well
known [10,13,15,16,21,23]. For quadratic polynomials, Yoccoz proved that the Julia set is locally
connected provided all periodic points are repelling and the map is not infinitely renormal-
izable [14,21]. Douady exhibited a striking example of an infinitely renormalizable quadratic
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polynomial with a non-locally connected Julia set [21]. For a general polynomial with connected
Julia sets and without irrationally neutral cycles, Kiwi shows in [15] that the local connectivity
of the Julia set is equivalent to the non-existence of wandering continua.

A powerful tool for studying the local connectivity of Julia sets for polynomials is the so-
called ‘Branner—Hubbard—Yoccoz puzzle’ technique introduced by Branner and Hubbard [2].
This technique uses a natural method of construction involving finitely many periodic external
rays together with an equipotential curve. However, for general rational maps, the situation is
different, and the construction of the Yoccoz puzzle becomes quite involved, even impossible.
Until now, the only known rational maps that admit Yoccoz puzzle structures were cubic Newton
maps, whose Yoccoz puzzles were constructed by Roesch. In [26], Roesch applied Yoccoz puzzle
techniques to show striking differences between rational maps and polynomials. The method also
leads to the local connectivity of Julia sets except in some specific cases.

In this article, we present the Yoccoz puzzle structure for another family of rational maps
known as McMullen maps. These maps are of the form

fize VA", AeC*=C\{0}, n>3.

The dynamics of this family of maps have been studied by Devaney and his group [5-8].

The Yoccoz puzzle differs for cubic Newton maps and McMullen maps in the following way.
For cubic Newton maps, the Yoccoz puzzle is induced by a periodic Jordan curve that intersects
the Julia set at countably many points. However, for McMullen maps, the element used to con-
struct the Yoccoz puzzle is a periodic Jordan curve (this curve will be called the ‘cut ray’) that
intersects the Julia set in a Cantor set. This type of Jordan curve is induced by some particular
angle and can be viewed as an extension of the corresponding external ray (see Section 3.2).

We denote by B, the immediate basin of attraction of co. The topology of d B, is of special
interest. Based on Yoccoz puzzle techniques and on combinatorial and topological analysis, we
prove:

Theorem 1.1. For any n > 3 and any complex parameter A, if the Julia set J( ;) is not a Cantor
set, then 0B, is a Jordan curve.

This affirmatively answers a question posed by Devaney at the Snowbird Conference on the
25th Birthday of the Mandelbrot set [7]. For higher regularity of 0 B,, we show that B, is a
quasi-circle except in two special cases.

Theorem 1.2. Suppose that the Julia set J (f.) is not a Cantor set; then, 0 B, is a quasi-circle if
it contains neither a parabolic point nor a recurrent critical point.

Here, a recurrent critical point ¢ on the Julia set of a rational map f is a critical point such that
¢ € w(c), where w(c) is the w-limit set of ¢, defined as {z € C; there exist nx — oo such that z =
lim ™ (c)}. It follows from Proposition 7.5 that if 9 B, contains a parabolic point, then 9 B), is
not a quasi-circle by the Leau—Fatou-Flower Theorem [21]. Whether 0 B;, is a quasi-circle when
0 B, contains a recurrent critical point is still unknown.

For the topology of the Julia set, we show

Theorem 1.3. Suppose f, has no Siegel disk and the Julia set J(f;) is connected, then J(f5) is
locally connected in the following cases:
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1. The critical orbit does not accumulate on the boundary 9 B;,.
2. fi is neither renormalizable nor x-renormalizable.
3. The parameter A is real and positive.

See Section 5 for the definitions of renormalization and *-renormalization. Theorem 1.3 im-
plies that the Julia set is locally connected except in some special cases. In fact, the theorem is
stronger than the following statement:

Theorem 1.4. Suppose f has no Siegel disk and the Julia set J( f;) is connected, then J(f5) is
locally connected if the critical orbit does not accumulate on the boundary 0 B),.

Theorem 1.4 is an analogue of Roesch’s Theorem [26]:

Theorem 1.5 (Roesch). A genuine cubic Newton map without Siegel disks has a locally connected
Julia set provided the orbit of the non-fixed critical point does not accumulate on the boundary
of any invariant basin of attraction.

We exclude the case n = 2 because it is impossible to find a non-degenerate critical annulus for
the Yoccoz puzzle constructed in this paper. The existence of a non-degenerate critical annulus
is technically necessary in our proof.

The paper is organized as follows:

In Section 2, we present some basic results on McMullen maps.

In Section 3, we construct ‘cut rays’, each of which is a type of Jordan curve that divides the
Julia set into two different parts. We first construct a Cantor set of angles on the unit circle which
is used to generate ‘cut rays’. We then discuss the construction of ‘cut rays’ based on the work
of Devaney [6].

In Section 4, basic knowledge of Yoccoz puzzles, graphs and tableaux are presented. The aim
of this section is to find a Yoccoz puzzle with a non-degenerate critical annulus (see Section 4.2).
A natural construction of the ‘modified puzzle piece’ is discussed (see Section 4.3).

In Section 5, we discuss the renormalizations of McMullen maps in the context of the puzzle
piece.

In Section 6, we present a criterion of local connectivity. We introduce a ‘BD condition’ on
the boundary of the immediate basin of attraction. Such a condition can be considered as ‘local
semi-hyperbolicity’. We show that existence of the ‘BD condition’ implies good topology.

In Section 7, we study the local connectivity of d B;, in all possible cases and show that 9 B;,
enjoys higher regularity except in two special cases.

In Section 8, we study the local connectivity of the Julia set J(f,) based on the ‘Characteri-
zation of Local Connectivity’ and the ‘Shrinking Lemma’.

2. Preliminaries and notations

In this section, we present some basic results and notations for the family of rational maps

H@=7"+Ar/"
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where A € C* and n > 3. This type of map is known as a ‘McMullen map’ because it was first
studied by McMullen, who proved that when |A| is sufficiently small, and the Julia set is a Cantor
set of circles [18].

For any A € C*, the map fj has a superattracting fixed point at co. The immediate basin of
oo is denoted by B, , and the component of f)\_1 (B,) that contains 0 is denoted by 7). The set of
all critical points of f; is {0, oo} U C;, where C; = {Ma); 0 = 1}. Besides oo, there are only
two critical values for f;: v;f =2+/% and v, = —2+/A. In fact, there is only one critical orbit (up
to a sign). Let P(f)) = Un>1 ff(C;L) U {oo} be the post-critical set.

The Bottcher map ¢;, for f; is defined in a neighborhood of co by ¢, (z) = limy_, o0 ( f){‘ (z))"ik .
The Béttcher map is unique if we require ¢, (c0) = 1. It is known that the Bottcher map ¢; can
be extended to a domain Dom(¢,) C By, such that ¢, : Dom(¢;) — {z € C: |z| > R} is a confor-
mal isomorphism for some largest number R > 1. In particular, if B, contains no critical point
other than oo, then Dom(¢,) = B, ; if B) contains a critical point ¢ € {0} U Cj, then by ‘The
Escape Trichotomy’ (Theorem 2.1), the Julia set J(f;) is a Cantor set.

The Green function G, : B, — (0, oo] is defined by

Gu(x) = lim n~*log| £ (2)].
k— 00

By definition, G, (f,.(z)) = nG(z) for z € B, and G, (z) = log|¢, (z)| for z € Dom(¢;.). The
Green function G; can be extended to A = Uk>0 f/\_k(B,\) by defining

Gi(2) =n* Gy (fF(2)) forze f75(By).

_In the following, for a set E in Canda eC,letaE = {az; z€e E},a+ E={a+2z, z€E},
E be the closure of E and int(E) be the interior of E.

Lemma 2.1 (Symmetry of the dynamical plane). Let o satisfy o*" = 1; then,

L. oJ(f1)=J(f)-
2. Gu(wz) =Gy (z) for z € A;.
3. wDom(¢;) = Dom(¢,), and ¢ (wz) = wPy(z) for z € Dom(dy).

Proof. For 1, because A, = {z € C; ff(z) tends to infinity as k — oo} and ff(wz) = :l:ff(z)
for k > 1, fkk (wz) tends toward infinity if and only if f/{‘ (z) tends toward infinity as k — oo.
Thus, wA; = Aj,. The conclusion follows from the fact that J(f,) = 0A;.

2. By the definition of G, .

3. Because Dom(¢;,) is the connected component of {z € B); G (z) > log R} that contains
00, we conclude that wDom(¢;) = Dom(¢, ). Note that ¢, (wz) and we, (z) are two Riemann
mappings of Dom(¢, ) onto {z € C; |z| > R} with the same derivative at oo, we have ¢, (wz) =
@, (z) by the uniqueness of the Riemann mapping theorem. O

The non-escape locus of this family is defined by

M= {A eC* ff (v):") does not tend to infinity as k — oo}



W. Qiu et al. / Advances in Mathematics 229 (2012) 2525-2577 2529

Lemma 2.2 (Symmetry of the parameter plane). The non-escape locus M satisfies:

1. M is symmetric about the real axis.
2. vM =M withv~1 =1.
3. For any line £ € {€R,; =2 = 1}, M is symmetric about £.

Proof. 1.Because f.(Z) = f5.(z), the Ciritical orbit of f; and the critical orbit of f; are symmet-
ric under the map z — Z, they either both remain bounded or both tend to infinity. Thus, M is
symmetric about the real axis.

2. Let v =¥/ and ¢(z) = /"~ Dz. Fork > 1,

(=D*fR(z), nodd,

-1 k
o op(z) =
¢ w0 9) {ff(z), n even.
Thus, the critical orbit of f; tends toward infinity if and only if the critical orbit of f,, tends
toward infinity. Equivalently, A € M if and only if vA € M.
3. The conclusion follows from 1 and 2. O

From Lemma 2.2, f3 and f; 2ri/»-1) have the same dynamical properties and their Julia sets
are identical up to a rotation. Thus, the fundamental domain of the parameter plane is {A €
C*; argh € [0, Z5)).

The following theorem of Devaney, Look and Uminsky gives a classification of Julia sets of
different topological types [8].

Theorem 2.1 (Devaney—Look—Uminsky). The Escape Trichotomy.

1. Ifv] € By, then J(f,) is a Cantor set.

2. vai' € Ty # B,, then J(f,) is a Cantor set of circles.

3. If ff(vr) € Ty # By for some k > 1, then J(f.) is a Sierpiriski curve, which is locally
connected.

In all other cases, the critical orbits remain bounded and the Julia set J (f;)) is connected.

For n > 3, it is known that the unbounded component of C* — M consists of the parameters
for which the Julia set is a Cantor set. This region is called a Cantor set locus (see Fig. 1).
The component of C* — M that contains a punctured neighborhood of 0 is the region in which
the Julia set J(f;) is a Cantor set of circles; this is referred to as the McMullen domain in
honor of McMullen, who first discovered this type of Julia set. The complement of these two
regions is the connected locus. The small copies of the quadratic Mandelbrot set correspond
to the renormalizable parameters, while the ‘holes’ in the connected locus are always called
Sierpiriski holes according to Devaney. These regions correspond to the parameters for which the
Julia set is a Sierpinski curve.

We will see later that, when the critical orbit tends to oo, the boundary d By, is a quasi-circle
if it is connected. Thus, this case is already well studied.

In this paper, we will restrict our attention to the parameters A € H = {A € C*; argh €
O, nzT”l )} for the most part because of the symmetry of the parameter plane. For these parameters,
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Fig. 1. Parameter plane for McMullen maps when n = 3.

we can develop Yoccoz puzzle techniques to study the local connectivity of Julia set. However,

for real parameters, Yoccoz puzzle theory cannot be applied because of the absence of critical

puzzle pieces. The real positive parameters will be considered separately in Section 7.3.
Therefore, if there is no further assumption, most discussions are based on the following:

Hypothesis. A € H and the critical orbits remain bounded, or equivalently, C; N A, = (.
2.1. Notations

Letco =co(X) = 2/ be the critical point that lies on RT when A € R™ and varies analytically
as A ranges over H. Let ¢; = coe®™/" for 1 < k < 2n — 1. The critical points cx with k even are
mapped to v;r = 24/X while the critical points c; with k odd are mapped to v, = —24/A.

Let £ = c;RT(R™ := [0, +00]) be the real straight line connecting the origin to co and
passing through ¢y for 0 < k < 2n — 1. We call ¢ a critical ray. The closed sector bounded by
£y and £y is denoted by Sy for O < k < n. Define S_y = — S for 1 < k < n — 1. Therefore, the
sectors are arranged counterclockwise about the origin as So, S1, ..., Sy, S—1,..., S—n—1) (see
Fig. 2).

The critical value v;\" always lies in Sp because argcp < arg v;f' < argcg for all L € H. Corre-
spondingly, the critical value v, lies in §,. It is easy to confirm that the image of £; under f is
a straight ray connecting one of the critical values to oco; this ray is called a critical value ray.
As a consequence, f; maps the interior of each of the sectors of {S+1, ..., S+(,—1)} univalently
onto a region Y}, which can be identified as the complex sphere C minus two critical value rays.

Let P denote the set of all components of Uk>0 f[k(B;\). ForU e’ Pandv > 0,lete(U, v) =
{z € U; G, (z) = v} be the equipotential curve. The annulus bounded by e(B;, v) and e(7), v)
is denoted by Q,. We may choose a v large enough that d Q, intersects with every critical ray
at exactly two points (to see this, notice that the Bottcher map ¢, : B, — C — I acts like the
identity map near oo; thus, e(B;, v) looks like a circle when v is large. The curve e(7), v) also
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S

Fig. 2. Sectors in the dynamical plane when n = 3.

looks like a circle because f (e(Ty,v)) = e(B;,nv) and f;, acts like z — A/z" near zero). The
bounded and unbounded components of C \ e(B;, v) are denoted by V(v) and U(v), respectively.

Now, we define radial rays of U for every U € P \ {B,}. In the Hypothesis section, we see
that there is a unique Riemann mapping ¢, : 7, — D, such that

o1, " =i (£.(2), z€T, ¢, (0)=1/Vn.

The radial ray Rz, (8) of angle 6 is defined as ¢;§((0, 1)e?™1%). For U € P \ {By., T3}, there is

a smallest integer k > 1, such that ff : U — T, is a conformal map. The radial ray Ry (@) is
defined as the pullback of R7, (8) under f){‘.

Let I ={0,n,+1,...,+@m — 1)} be an index set. S’ = Q, N S for k € I and S =
de\{o’n} S,’c’. The set of all points with orbits that remain in S” under all iterations of f; is
denoted by A;. Obviously, Ay = (V>0 f5 *(SV).

For any k € I\ {0, n}, the map f; : int(Sx) — 77 is a conformal map; its inverse is denoted by
hy : Y — int(Sg).

Given a point z € A,, suppose f){‘(z) € S5 for k > 0 and define the itinerary of z as
s (z) = (so, 51, 52, ...). The itinerary is always well defined in the set A, because if some it-
eration f,\k (z) lies on the boundary of two adjacent sectors, then the next iteration ,\k+1 (z) will
lie inside So U S,,.

Let X = {s = (s0,51,52,...); S € I\ {0,n} forevery k > 0} be the space of one-sided
sequences of the symbols +1,...,+(n — 1). For s = (sg, s1,52,...) € X,and the shift map
o : X — X is defined by o (s) = (51, 52, ...). If there is an integer p > O such that s¢y, = s
for all k > 0, we say the itinerary s is periodic and the least integer p is called the period of s. In
this case, s is also denoted by (5o, ..., 5p—1).

It is obvious that s, (f3.(z)) = o (sy(z)) for z € A;.
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Lemma 2.3. The set A, is a Cantor set, and the itinerary map s, : Ay — X' is bijective. More-
over, Ay C J(f).

Proof. First, note that for any A € H, S is a compact subset of 7} . With respect to the hyperbolic
metric of 7} and by the Schwarz Lemma, there is a number § € (0, 1) such that for any s =
(s0, 81,82, ...) € ¥ and any m > 0,

Hyper.diam (/s o - - - 0 h, (S”)) < Hyper.diam(S”) - §™.

Thus, ﬂk>0 hgyo---ohg (SY) consists of a single point, say zs. Therefore, A is a Cantor set,
and the map s, : A, — X defined by s, (z5) = s is bijective.

When s = (5p, ..., sm—1) € X is a periodic itinerary of period m, then zg is a fixed point of
h=hgo---ohg, ,.Becauseh :int(S") — h(int(S")) C int(S;’o) € int(S?) is strictly contractive,
it follows by the Schwarz Lemma that the fixed point zg is attracting. Therefore, z; is a repelling
periodic point of f;.

To show A, C J(f1), it suffices to prove that any point of A, can be approximated by a
sequence of repelling periodic points in Aj. Suppose z € A,. For any € > 0, there is an integer
m > 0 such that Hyper.diam(S") - §" < . Take a periodic itinerary s € X' with first m sym-
bols that are the same as those of s, (z). (Notice that such an itinerary always exists.) Because
the map s, is bijective, there is a unique point w € A, with s, (w) = s. The hyperbolic dis-
tance between z and w is smaller than ¢. The previous argument implies that w is periodic and
repelling. O

3. Cut rays in the dynamical plane

In this section, we will construct the ‘cut ray’, a type of Jordan curve that cuts the Julia set
into two different parts. The construction is due to R. Devaney [6]. We give some additional
properties that will be used in our paper.

We first construct a Cantor set of angles on the unit circle and use these angles to generate ‘cut
rays’ as in [6]. These angles can be considered as a combinatorial invariant when the parameter
A ranges over H.

To begin, we identify the unit circle S = R/Z with (0, 1]. We say that three angles satisfy
1 <t <t3onSift,t,t; are in counterclockwise order.

3.1. A Cantor set on the unit circle

In the following, we construct a subset ® of (0,1]. The set @ is a Cantor set and is used to
generate ‘cut rays’ in the next section.

First, define a map 7 : (0, 1] — (0, 1] by 7(8) =n6 mod 1. Let O = (4=, L] for 0 <k <
and ©_g = O + 5 for 1 <k <n — 1. Obviously, (0, 1] = J;; k.

Define amap x : I — N by

if0<k<n,

ks
k) =
x(®) {n—k, if—(n—1)<k<—l.

For k € I, we have
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szl ©_;, if x(k)is odd.

For 6 € (0, 1], suppose %) € Oy, for k > 0 and define the itinerary s(@) of 6 by s() =
(s0,81,52,...).

Let ® be the set of all angles 6 € (0, 1] with orbits that remain in & = Uz;}(@k U6O_y)
under all iterations of t. The set ® can be written as ® = ﬂ,@o k) = ﬂk>0 77%(E). One
can easily verify that ® is a Cantor set.

The image of ® under the itinerary map is denoted by Xy = {s(f); 6 € ©}. One can easily
verify that X is a subspace of X' that consists of all elements s = (sg, 51, 52, ...) € X such that
fork > 0,if x (sx) iseven, then sg11 € {1,...,n—1};if x(sx) isodd, then sp41; € {—1,..., —(n—
D}.

The itinerary map s : ® — X is bijective because for any s = (sp, s1, 52, . ..) € X, the inter-
section [ k>0 r_k(@sk) consists of a single point. In the following, we first construct an inverse
map for s (Lemma 3.1).

Let s = (s0, 51, 52, ...) € X'. We define amap « : ¥ — (0, 1] by

1 ( x(s0) ISk |
K(S)ZE( " +ZW)

k>1

Lemma 3.1. « (X) = ©® and «(s(0)) =0 forall 6 € O.

Proof. First, we show «(s(6)) =6 for 6 € ®. Let S(@)AZ (s0, 51,52, ...) and 6 = k(s(@)). Be-
causes: ® — EoAis bijective, it suffices to show that s(9) = s(0).
It follows that 6 € @, because

x@s0) A~ 1/ x(s0) n—1 x (50) 1
<0< < — | ==+ —.
2n 2( n +1; nk+l 2n ' om
Fork > 1,
‘L'k(é)— %(X(50)+|51|++|Sk_1|)+%zj>knlli—il+l’ ifnisodd,
l‘vszll +%Zj>k n,li—/il if n is even.

Because s(0) = (so, 51, 52, ...) € Xp, we have for j > 1,

Is;] %(X(Sj)—)((s]‘_])) mod 1, ifnisodd,
2 %X(Sj) mod 1, if n is even,

and

x(sj—1)  Isjl _ x(s;) mod 1.
2 2n 2n

Thus, we have
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A (Sk 1) Is;| (Sk) s
Tk(e)_ an §<+1 Z ni §<+1'

j/k+l

This means rk(é) € B, for k > 1. Therefore, 6 and 6 have the same itinerary.

In the following, we show « (X') = ©. First, by the previous argument, ® = k (Xy) C k(X).
Conversely, for any s = (so, s1, 52, ...) € X, there is a unique sequence of symbols €y, €2, ... €
{£1}, such that s* = (sg, €151, €252, ...) € Xo. Thus, k() =k (s*) e ®. O

Remark 3.1. For any s = (sg, 51, 52, ...) € X, one can verify that

k7 (k(9)) = {(s0, 51, £52, .. ) ).
Lemma 3.2. The set © satisfies:

1. 7(®)=06
2.0+1=0.
3. Periodic angles are dense in ©.

Proof. 1.1t is obvious that T(®) C ©. 7 is surjective because @) NEA£Pforall § € O.

2. First note that £ + % =& mod 1. For k > 1, because ¥ (60 + %) = tX(#) when n is even and
O + %) =50) + % when 7 is odd, we have t5(6 + %) € & if and only if T5(0) € £. Thus,
6 € © ifandonly if 6 + 1 € ©.

3. Let 6 € ® with itinerary s(0) = (so, 51, 52, . ..). For any k > 1, either (50, ..., 5x) € Xo, or
there is a symbol Slf+1 € {£1,...,£(n — 1)} such that (s, .. .,sk,s,fﬂ) € Xo. If (50, ...,5%) €
2, let 6 = k((50, ..., 5k)). Else, let 6y =k ((so, ..., Sk, s,f+1)). It’s obvious that 6 is periodic.
By Lemma 3.1, 6, € ® and

16 — 6| < C(n)n*(— 0 as k — 00),

where C(n) is a constant, depending only on n, which implies that periodic angles are dense
in®. 0O

Remark 3.2. The Hausdorff dimension of ® is 10%(()'; D

For A e Hand kel let O = O + 22U — g + X1 mod 1. Recall that for 1 € H,

4nm
arg A € (0, ==%). Tt is easy to check that

’nl

(@) U;l;} @j‘, if x (k) is even,
T G/
¢ UiZi @, if x(k) is odd.

Again, we define ©”* as the set of all angles in (0, 1] whose orbits remain in £* = UZ I (Ok
©* ) under all iterations of t. Thus, ©* = MisoT —k(&E*). For 6 € (0, 1], suppose ¥ (0) € e

for k > 0 and define the itinerary of 6 by s)‘(e) = (50, 51,52, ...). It is easy to show that the
itinerary map s* : ®* — X is bijective.
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Lemma 3.3. ©* = O and for any 6 € O, s*(8) =s(H).

Proof. It suffices to show that if s* (a) = s(8) for « € ®* and 8 € O, then « = B.

First, note that @] N O # @ for any k € L. Suppose s*(a) = s(B) = (s0, 51, 52, ...), and let
Ay = mogkgm r‘k(@s);( N ©y,) for m > 0. By induction, we see that A,, is a connected interval
of the form (ay,, b,,] with a,,, 41 > ap, b1 < by, and n(by4+1 — am+1) = by — ay, for m = 0.
Thus, Ajy+1 C Apt1 C Ay and mk>0 Ap = ﬂk>0 A, consists of a single point, say 6. On the
other hand,

0} =) An= (ﬂ r_k(@s);)) N (ﬂ r"‘(@sk)> = {a} N{B}.

k=0 k=0 k>0
Thus, we havea =8 =60. 0O
3.2. Cut rays

In this section, for any A € ‘H and any 6 € @, we will construct a Jordan curve, say 27, that
cuts the dynamical plane of f, into two parts. The curve will meet the Julia set J(f;) in a Cantor
set of points. This kind of Jordan curve Qf will be called a ‘cut ray’ of angle 6. In the following,
we construct such rays following a slightly different presentation from Devaney’s in [6].

Recall that the itinerary map s, : A, — X from a Cantor set onto a symbolic space is bijective.
We first extend the definition of s, to a larger set. Let E) = ﬂk>0 fk_k(Uje]I\{O,n} S;) be the set
of all points in the dynamical plane with orbits that remain in (_J jen\(0,n) Sj under all iterations

of f;. By definition, E; is a compact subset of C containing 0 and co. The assumption A € H
implies that E; contains no critical points other than 0 and co.

Let O, = Uk>0 fk_k(oo) be the grand orbit of co. The map s;, : A; — X can be extended to
Sy : Ex\ O, — X as follows: for any z € E; \ O,, suppose f/\k(z) € Sy, for k > 0; the itinerary
of z is then defined by s, (z) = (so, 51, 52, . ..). One can see that the map s, : E \ O), — X is
well defined. (In fact, if f}'(z) lies on the intersection of two sectors, then f;' +l(z) will land on
the critical value ray.)

Given an angle 6 € ® with itinerary s(f) = (so, 51, 52, -..), it is easy to check that when
n is odd, s(@ + 1/2) = (—so, —s1, —$2,...) = —s(0) and that when »n is even, s(6 + 1/2) =
(—s0, 51, 52, - - .). We consider the set of all points in E; \ O, with itineraries that take the form
(s0, £51, 52, ...). The closure of this set is denoted by a)i:

wg = {Z € E; \ Oy; sy(z) = (s0, 51, 52, )} = {Z € Ex\ Oy; K(SA(Z)) 29}-

According to Devaney, the set wf is called a *full ray’ of angle 6. Let 29 = a)f U a)iH/z; we

call the set Qf a ‘cut ray’ of angle 6 (or 8 4+ 1/2). One may verify that

20 ={z€ Ex\ Ox; s1(2) = (£s0, £51, £52,...)} = m FK (S5 US_y).
k=0

We first give an intuitive description of the cut ray .Qf .Form >0, let
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‘Q)?,m = m fA_k(Ssk U S—sk)-
0<k<m

Note that the set 2 is a union of the two closed sectors S5, and S_g,. £27 | is a string of
four closed disks that lie inside .Qf o- Inductively, .Qf o 18 a string of 2m+1 closed disks that
are contained in .Qf m—1- and each of these disks meets exactly two others at the preimages
of co. Hence, .Qf . 18 a connected and compact set. One can show that .Qf ., converges to
.Qf = ﬂk>0 .Qf’  in Hausdorff topology as m — oo (because a shrinking sequence of compact

sets always converges in Hausdorff topology). Roughly, the set .Qf’m becomes thinner when m

becomes larger and .Qf,m finally shrinks to S?f . It is therefore conjectured that .Qf is a Jordan
curve. (A rigorous proof of this fact will be given in Proposition 3.3.)
By construction, the cut ray satisfies:

0 _ 0
27 =-027.
.Qf \ {0, oo} is contained in the interior of S;, U S_g,.

fi .Qf — {2;(9) is a two-to-one map.
6
Useo 25 = Ex.

Lemma 3.4. Let A € H; then, there is a constant v > 0 such that for any 6 € ©,

Ri(0) NU(w) = {z € E; NU): 5,(2) =s(0)}.

Proof. For any small number & > 0, we define ©}, = [Xz(,]:) + % +e, % + % —&], Ske =

{z € Sk \ {0, 00}; argz € @,?’8} U{0, oo} for k € I\ {0, n}. It is obvious that Sk . is a closed subset
of Si. One can verify that there is an ¢ > 0 such that ®* = ﬂ»or_/(uz;}(@,ﬁg U @fk’g))
and E;, = Niz0 S5 (Ujen (0.n) Si.e)- Thus, for any 6 € © with s(0) = (so. 51. ...), the cut ray
.Qf = ﬂ,@O f[k(Ss,ﬁg U S_s.,¢). We fix such ¢ (notice that ¢ is independent of 6 € ©).

Because ¢>§L(oo) = 1, we may choose v = v(¢) large enough such that |argz — arg ¢, (z)| < &
for all z € U(v). We define a map ¢ : U(v) - Sby ¢(z) = %;(Z). The map ¢ satisfies ¢ o fj =
Tol.

If ze R, () NU(v) and z # oo, then for any k£ > 0, arg ¢;L(f){‘ () € (H);\ka We conclude that
arg ff(z) € ©;.. Or, equivalently, ff(z) € Sy, forall k > 0. Thus, 5;.(2) = s(6).

On the other hand, for any co # z € E; NU(v) with s, (z) = s(8), we know from the above that
f(2) € Sy forall k >0, thus arg f{(z) € ©;: ,. It turns out that arg ¢, (f{ (2)) = T*({(2)) €
©} . By Lemma 3.3, s*(£(2)) =s(6) =s"(6). Thus, we have ¢(z) = 6 this means z € R, (6) N
U(). O

Proposition 3.1. For any A € H and any 6 € O, the external ray R, (0) lands at a unique point
P1(0) € 3B, and R, (0) ={z € E; \ Oy; sp(2) =s(0)} U {oo} ={z € (Ex\ Ox) N By; 81(2) =
s(0)} U {pr(0)} U {oo}.

Proof. Suppose s(6) = (s, s1,52,...). Let £, (v,0) = {z € Ry(0); v < G, (z) < nv} be the
portion of R, (0) that lies between two equipotential curves e(B,,v) and e(B),nv). Based
on Lemma 3.4, we can assume v large enough such that for any g € ®, R;(8) N U(v) =
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{z € E» NU®W); s;(z) =s(B)}. By pulling back ¢, (v, t(0)) by f)\_1 to Sg,, we can extend
the portion of R, (6), say 1o = R, (0) N U(v), to a longer one y; = hy, (€1 (v, T(0))) U yp.
Obviously, y; C S5 N R;.(9). Continuing inductively, suppose we have already constructed
a portion y; of R;(f); we then add a segment Ay, o --- o hy, (£, (v, ¥1(0))) to yx and ob-
tain Y41 = vk U hgy 0 -+ 0 hg (€5 (v, t¥+1(9))). By construction, one can confirm that hgy ©
-+ 0 hg, (5(v, T*T1(0))) C S5, N Ri(6), and that for any z € hy, o --- o hy, (€. (v, T8+ (9))),
s, (z) = (so, 1, 52, .. .). It turns out that

R0\ yo=|J hsy 0+ 0 by (1 (v, 71 6))).
k=0

In the following, we show that the external ray R, (6) lands at dB;. Because iy : 1), — 7)
contracts the hyperbolic metric p, of 7} for any k € I\ {0, n}, there is a constant § € (0, 1) such
that

(e (x), hie () < 8palx, ¥), Vx,yEV(nv)ﬂ( U Sj)» Vk € I\ {0, n}.
Jjel\(0.n)

Notice that Uae@ £ (v,a) = E,N{z € By; v<Gy(z) < nv}is acompact subset of 73, with
respect to the hyperbolic metric of 7}, we have

Hyper.length(hy, o - - o hy (£(v, rk+1(9)))) = (9(51‘).

This implies that R, (0) \ yo has finite hyperbolic length in 77} ; thus, the external ray R, (6)
lands at 9B,. Let p,(f) be the landing point. It is easy to confirm that s, (p,(6)) = s(f) and
p(0) € 9B) N A,. Thus, we have

R.(0) C{z € (Ex\ 0:) N By; s.(2) =s(0)} U {pr(8)} U{oo}
Clz € Ex\ Oy; :.(z) =s(0)} U {o0).

Finally, we show R;(6) D {z € Ej \ O;; s;,(z) = s(0)} U {oo}. For any x € {z € E; \
0y s3(z) =s(0)}, we consider the orbit of x.

If the orbit of x remains bounded, then based on Lemma 2.3, we have x € A;,. Because
Sala, 1 Ay — X is bijective and s, (x) =, (p;.(8)) =s(0), we conclude x = p; (0) € R;.(6).

If the orbit of x tends toward oo, then by Lemma 3.4, there is an integer M > 1 such that
fAM(x) € R, (t™(0)). Note that for any j > 0, the above argument implies R, (z4(0)) C SSJ..
Because f)\(Rk(rk_l(O))) = R, (%)) and hg,_, is the inverse branch of f :int(S;,_,) — 73,
we conclude that for all k > 1, hy,_, (R, (t¥(6))) = Ri.(z*~1(0)) and hy,_, (fF(x)) = fF(x).
It turns out that x € R, (0) and R, (0) D {z € E) \ Oy; sy(z) =s(@)}U{oo}. O

Proposition 3.2. For any . € H and any 6 € ® with itinerary s(0) = (so, 51, 52, ...), the cut ray
.Qf satisfies:

1. .Qf meets the Julia set J( f;) in a Cantor set of points. More precisely, .Qf NJ(fr)=(ko
$.14,)7" (10,0 + 1)
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itinerary (n even) o0 itinerary (n odd)
(So, S15 82, S3, 4, --2) /. (So, S1, 82, 83, Sy, -.0)

(Sg» S1» $2,-83, Sqy -2) (So, S15 §2,-83,-S4, -..)
(Sg» §1,-52,-83, S4, -..) (Sgs 81,52, S3, 84, +2)
(Sg> §1,-52, S3, S4, -.) (S0» §1,-52,-83,-84, ...)
(50,-S1,-52, 83, S4, -..) (S0,-S1, 52, 83, Sg, -.)
(S0,-81,-52,-83, S4, --) (S0,-81, §2,-53,-84, -..)
(S0,-81, $2,-83, S4, -.) (S0,-81,-52, 83, S4, -.)

(50,-S1, $2, 83, S45 -.) w (50,-51,-52,-53,-84, -..)
0

Fig. 3. Combinatorial structure of a full ray wg with s(6) = (sg, 51, 52, .. .).

2. .Qf meets the Fatou set F (f)) in a countable union of external rays and radial rays together
with the preimages of oo that lie in the closure of these rays. More precisely,

1
29N B, =R,(O) UR, (9 + 5) U {00},

AT = h—s (Ry.(T(0))) U hyy (R3((0) + 1)) U {0}, ifnisodd,
- * hey (R (T(0) + %)) Uh_g(Ry(z(0) + %)) U {0}, ifniseven.

Forany U € P\ {B;,, T),} with U N .Qf #W, U is of the form hpy o --- o hp,_, (T3), where k > 1
and (bg, ...,bx—1) € {(£s0, ..., £Sk—1)}. Moreover,
2!nu
k@
=hboo-~-ohbk71(9; ¢ )ﬁT)L)

g oo hy (hog (R (T*T(6))) U kg, (Ri.(z*T1(6) + 3)) U {OD), if n is odd,
| ey 00 iy (h—g (R(TFHNO) + 1) Uhg (R (1 @) + D) U0, if n is even.

See Fig. 3 for the combinatorial structure of a part of a cut ray.

Proof. 1.For z € 27, first note that z € .Qf N J(f) if and only if the orbit of z remains bounded,
if and only if z € A, and s, (z) € {(£s0, 51, £52,...)} = k{0, 0 + %}). Thus, we have .Qf N
J(f1) = (k os314,) 7" (16,6 + 7).

2. Let U be a Fatou component such that U N .Qf # (). Then, by 1, U is eventually mapped
onto B;.
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Case 1. U = B;.. By Proposition 3.1, .Qf N By D Ry(0)UR, (6 + %) U {o0}. On the other hand,
for any z € (.Qf N By) \ {oc}, there is an integer M > 1 such that f/\M(z) € U(v), where v is
a positive constant chosen by Lemma 3.4. Because sk(fAM (2)) € {(spm, ESpr41, ESm+25 -+ )}
we conclude that the itinerary of ff’[ (z) must be the same as that of some angle § € @. Thus,

S (fM(Z)) (SMs SM+1>SM+2, ---) OF (—Spr, —SM+1, —SM+2, -..), if nisodd,
A = . .
* (SMs SMA1>SMA42, -+ 4)s if n is even.

Case 1.1. n is odd. By Proposition 3.1, fM(z) € R,.(x™(9)) U Ry(t™(0) + %). Note that
T R @M (©))) N (Sspy_y U S—yy_) N By = Ru@M=10)), £ (RuM(0) + 1) N (S, U
S—sy_ )N By = R, (xM~1(0) + 1). We conclude that £, (z) € R, (xM~1(0)) URL (M1 (8) +
%). It turns out that z € R, (0) U R, (6 + %) by induction. So in this case, _Qf N B, =R, (O)U
Ry.(6 + 1) U {oo}.

Case 1.2. n is even. By Proposition 3.1, f,\M(z) € R,.(t™(8)). Because fk_l(R;L(rM(G))) N
(Ssy 1 US—sp DN By = Ru(@M 1O UR (M ~1(0) + 1), we have £ 71 (2) € R (zM~1(9))U
Ry (tM-1(9) 4+ %). If M =1, then z € R, (0) U R, (6 + %), and the proof is done. If M > 1,
then we claim £ ~'(z) € R, (M~1(9)). This is because f; ' (R.(xM~1(6) + 1)) N (S, U
S_sy_») N By = . Again, by induction, we have z € R, (6) U R, (0 + %) in this case.

Case 2. U = T;. In this case, if n is odd, then f;(22¢ N T; N Sy,) = .Qi(e) NByLNS_y =
Ru(x(®) + 1 U foo) and (20 N TN S_y) = 219 N B N Sy, = Ri(x(6)) U {0). So
29N Ty = h_y(Riu(1(0))) U hyy (Ri(T(0) + 3)) U {0}; if n is even, then £,,(2 N T3 N S) =
H2INTNS_) =2/ N B NS_y, = Ri(x(©) + 1)U {00} So 20 NTy = hyy (R (x(6)) +
D Uh_g(Ri(t(®) + 3) U {0}

Case 3. U € P\ {By, T,.}. In this case, there is a smallest integer k > 1 such that f){‘(U) =T,.

Because f)f‘ : U — T, is a conformal map and for any 0 < j <k — 1, fkj (U) lies inside some
sector Skj, we conclude U must take the form hpj o --- o hy,_,(T),) for some (b, ..., bi_1) €

k
{(&s0, ..., £si_1)}. By pulling back fX(U N 2¢%) =27 @ N7y via £X, we have 20 NU =
k
By o+ 0hp, (£2; @ T,). The conclusion follows by Case 2. O

Proposition 3.3. For any A € H and any 6 € O, the cut ray .Qf is a Jordan curve (see Fig. 4).

Proof. Suppose s(6) = (so, S1, 52, ...). For k > 0, define

A

*@O) _ 575 0) 50 _ —Ji (5T O
OO =@ Ousrusy Xe= ) £7(2")

2,0 —Sk°
0<j<k

The set f)f « 1s connected and compact, and it contains .Qf. It is easy to check that [}f )
.Qf’ x4 and ﬂk>0 S}f, = .Qf . In the following discussion, we can assume k is sufficiently large
that .Qf ¢ avoids the critical values v/\i. Let D,j be the component of C\ Qf « that contains vf and
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1/4

Fig. 4. Cut rays with angles 1/4, 1/3, 1/2 when n = 3.

Dl;+l

Fig. 5. The cut ray union with the shadow regions is Qg  (resp. Qg X +1)' The two components of C — Qf  (resp.
C- f)qu_‘_l) are D]j and Dk_ (resp. Dlj—+1 and Dk_+l)'

Dy be the component of C \ f}f’k that contains v, . Let D = U0 D and D = Uk=0 Dy s
then, D, U D, U 2! = C (Fig. 5).

We first construct a Cantor set on S = R/Z. Let E| = (5/24,13/24), E; = (17/24,25/24)
be two open intervals on S and ¢ be the map ¢t — 3¢ mod Z. By definition, ¢ (E;) D E1 U Ej. Let
T = mogjgk ;“*j(El U E3). Then, Ty D Ty4+1 and Ty has 2k+1 components. The intersection
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ﬂk>0 T is denoted by Too. Because T = ﬂk>0§_k(E1 UEp) = ﬂk>0§_k(E_1 U E,), we
conclude that T, is a Cantor set.

Now, we define two sequences of Jordan curves {yk+ 'S — BDZF}, {yy :S— 3D, }in the
following manner: for k large enough,

L. V;:TH ls\ie = v s\ = v I\t = Yeq1lS\7i -
2. PSS\ Ty =2¢NaD =) NaD, =y, (S\ Tp).
3. v (T =D\ 2,y (T) =aD \ 27

In the following, we show that each sequence of maps {ykJr :S— 8D,j}, {yy :S— 0D}
converges in the spherical metric. By construction, Vk—:-l Is\r, = yk+ |s\r;» and for any component

W of Ty, Vk++1(W) and y,j(W) are contained in the same component of mogjgk f;j(SS”j U
SESJ_). Because the spherical metric and the hyperbolic metric are comparable in any compact
subset of 7}, we conclude by Lemma 2.3 that

I}’lea,SX dlSt@ (ij_l (t)’ V/j(t)) = O(Sk)’

where dist((—: is the spherical metric and & € (0, 1) is a constant. Thus, the sequence {y,:r} has a
limit map y, : S — 9DZ, that is continuous and surjective. Similarly, the sequence {y, } also
has a limit map yg, : S — dDZ, that is continuous and surjective. The limit maps y and y
satisfy y5ls\7., = Vools\7 - By continuity, ¥ and y are identical on S. This implies that
dDL =9D3, = .Qf and .Qf is locally connected.

To finish, we show that .Qf is a Jordan curve following the idea in [24]. Let @ : D — D;“o

be a Riemann mapping. Because 9 DJ is locally connected, @ has an extension from D to DL.
If two distinct radial segments @ ((0, 1)) and @ ((0, 1)e**%2) converge on the same point
p, then the Jordan curve @ ((0, De2™ify U @ ((0, 1)eXi%) U {@(0), p} separates a section of
the boundary 9 D}, from D__. But this is a contradiction because DZ, and D3, share a common
boundary. O

Proposition 3.4. For A € H and 6 € O, all periodic points on .Qf N J(f) are repulsive.

Proof. Suppose s(0) = (so, 51, 52,...). Let z € .Q)‘? N J(f,) be a periodic point with period p.
The itinerary of z is then of the form (ag, ar, ..., ap_1), where a; € {£s;} for 0 < j < p — 1.
Let ax = aj mod p for k > 0 and Sgo,,,ax = ﬂogk@ f[k(S}jk). By Lemma 2.3, the hyperbolic
diameter of S}l’ou_as is O(8°) when s is large. We can therefore choose an N sufficiently
large that ff : int(
int(S}jo‘,,uN) C S}jo.,,aN C int(SjjO,.,aNip), we conclude |(f)\p)’(z)| > 1 by the Schwarz Lemma.
Thus, z is a repelling periodic point. O

S;)()'“HN) — int(Sgp_“aN) = int(S;’O_“aN_p) is a conformal map. Because z €

Proposition 3.2 tells us the combinatorial structure of the cut ray .Qf . The following propo-
sition shows that the iterated preimages of .Qf have the same combinatorial structure as .Qf
provided that .Qf does not meet the critical orbit.

Proposition 3.5. For . € H and 6 € ©, suppose the cut ray Qf does not meet the critical orbit.
Then, for any o € | k>0 17K(0), there is a unique ray o} such that:
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1. ¥ is a continuous curve connecting 0 with co.
2. a)gH/2 = —0of.
3. fi@f) =)@ U] @F2,
4, a)‘)’f N By = Ry () U {o0}.
For this reason, we still call @} a full ray of angle & and 25 = w§ U w‘))f“/ 2 a cut ray of angle
o (or o + %).

Proof. The proof is based on an inductive argument. Suppose « € |_J k>0 t7%(0) is an angle such

that the full ray »} and the cut ray £y satisfy 1,2, 3, 4. Then, for g € 1 (o), we define a)f by
lifting 27 in the following way:

A =28 ol NB,=Ri(B)U{co).

The ray wf is unique because we require wf N B, = R, (B) U{oc}. Also, by uniqueness of lifting

maps, we conclude wf+% = —a)f by the fact R, (8 + %) =—R;(B) and 27 = —£7.

In the following, we show that a)f connects oo and 0. If not, then a)f must be a curve con-
necting oo with itself, hence a Jordan curve. This implies that a)f does not meet 0. Because
2% = —¢, all curves in the set C = {ek”i/”wf, Hk(ek”i/”a)f); 0 < k < 2n} are preimages of
25, where H) (z) = U /z. Because £27 does not meet the critical orbit, we conclude that for any
y1, ¥2 € C with y| # y», y1 and y, are disjoint outside {0, co}. This means #C = 4n. However,
this is a contradiction because the degree of f3 is 2n. O

Recall that for any 6 € @ with itinerary s(6) = (so, 51, 52, .. .), the cut ray .Qf contains at

least two points, 0 and oo, and .Qf \ {0, oo} is contained in the interior of Sy, U S_g,. Now, given
two angles o, B € ® with 27 # .Qf, suppose s(ar) = (s, 57,55, ...), S(B) = (s(’)g, s’lg,sf, o).
Let J(a, B) be the first integer k > 0 such that [s}'| # |s,’(9 |. Note that the intersection £25 N .Qf

consists of at least two points 0 and co. Furthermore, if J(a, 8) = 0, then £ N .Qf = {0, oo}.
The following proposition tells us the number of intersection points in the general case.

Proposition 3.6. Let «, f € © with 27 # .Qf ; then, the intersection §27 N Qf consists of
2@+ poings.

Proof. We consider the orbit of £25 N .Qf under f3:

J(e.B) J(@,B)
20Nl 5 @f NP . @ pr B

k k k+1 k+1
Note that for any 0 <k < J(, B) — 1, fi: 2, @ A 2 ® _ 27 T 2; T ®) i a two-to-
one map; thus, we have

J(a.p J(@.p)
#(Qﬁt ) Q)/?) — 2#(9;(11) N Qi(ﬂ)) — .= 2.](06,}3)#(9}‘1;' ) () N [2; (/3)) — 2.](01,/3)—1—1. 0O
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Remark 3.3. From the proof of Proposition 3.6, we know that any two distinct cut rays £27 and
.Qf intersect at the preimages of co. More precisely, £25 N .Qf C Uogng(a,ﬁ)H fk_k (00), and
for 2 <k < J(a, B) + 1, the intersection £27¥ N .Qf N fk_(k_l)(O) consists of 2k—1 points.

4. Puzzles, graphs and tableaux
4.1. The Yoccoz puzzle

Let X; = C \{z € By; Gy(z) =21} =V(1). Given N periodic angles 0y, ..., 0y that lie in
different periodic cycles of ®, let

k k
8.0 ....om = (@ Wu...ue] ).
k=0

Obviously, g, (01, ...,0n) is fir-invariant. The graph G, (61, ..., 6xy) generated by 6y, ..., 60x is
defined as follows:

Gi(01,....0N) =0X, U (X5, Nga(01,....0N)).

The Yoccoz puzzle induced by the graph G, (61, ..., 6y) is constructed in the following way.
The Yoccoz puzzle of depth zero consists of all connected components of X; \ G, (01, ...,0n),
and each component is called a puzzle piece of depth zero. The Yoccoz puzzle of greater depth
can be constructed by induction as follows: if Pzgl), e Pém) are the puzzle pieces of depth d,

then the connected components of the set f[] (P;i)) are the puzzle pieces P;Ql of depth d + 1.

One can verify that the puzzle pieces of depth d consist of all connected components of f;d X\
G, (61, ...,6n)) and that each puzzle piece is a disk.

In applying the Yoccoz puzzle theory, we should avoid a situation in which the critical orbits
touch the set G, (01, ..., 0n). If the critical orbits touch the graph G; (01, ...,0y), we say the
graph G; (61, ..., 0y) is touchable. In this case, we cannot find a sequence of shrinking puzzle
pieces such that each piece contains a critical point in its interior (that is to say, we cannot find
a non-degenerate critical annulus that plays a crucial role in the Yoccoz puzzle theory). For this
reason, because there are infinite periodic angles in ®, we can change the N-tuple (01, ...,60yN)
to another N-tuple (6, ..., 6y to make the graph not touchable.

Let Jo be the set of all points on the Julia set J () with orbits that eventually meet the graph
G.(01,...,6N). Then Jo = Uk>0 f;k(G;‘(Ql, ..., On) N J(fn)). For any z € C\ (A U Jp),
there is a unique sequence of puzzle pieces Py(z) D P1(z) D P»(z) D --- that contain z. By
Proposition 3.4, if f3 has a non-repelling cycle in C, say C = {z, f3(2), ..., f)\p (z) = z}, then this
cycle must avoid the graph G, (61, ..., 6x). This implies that C C C \ (Ax U Jop). Thus, for any
d >0 and any x € C, the puzzle piece P;(x) is well defined.

Lemma 4.1. Suppose the graph G, (61, ..., 0n) is not touchable, then for any 7 € C \ (A U Jp),
the puzzle pieces satisfy:

—Py(z) = Py(—2),  wPy(z)=Pi(wz), oM=1, d

WV
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Proof. By the definition of the graph G, (0, ..., 60y) and the symmetry of the Green function
G, : Ay — (0,4+00] (see Lemma 2.1), we have X, \ G, (01,...,08) = =X \ G (01, ...,0N).
Thus — Py (z) = Py(—z). Suppose that for some d > 0,

TN GO, ... 00) = — f7 (X2 \ G (B1, ... O)).

Because f) (wz) = £ fi(z) and G (wz) = G (z), we have f;(z) € fx_d(X)\ \G,(O1,...,0N))
if and only if f) (wz) € f[d(XA \ G(61,...,0N)). Thus

[T (0N GO, ... 00) = of T TV (X0 Gu61, - ., O)).
The conclusion follows by induction. 0O

Lemma 4.2. Suppose the graph G, (01, ..., 0n) is not touchable, then for any d > 0 and any
puzzle piece Py of depth d, the intersection Py N J(f)) is connected.

Proof. It is equivalent to prove that every connected component of C \ (Py N J(f3)) is sim-
ply connected. Because the Julia set J(f3) is connected, every component of C\(P;NJ(f)
that lies inside P; is simply connected. Therefore, we only need to consider the components
of C\ (P; N J(f:)) that intersect with dP;. Note that the puzzle piece P; is bounded by
finitely many cut rays, say Qf 1,...,[2){3‘?, together with finitely many equipotential curves
e(Uy,v),...,e(Us, v). By the structure of cut rays (Proposition 3.2), there is exactly one com-
ponent of C\ (P; N J(f)) that intersects with the boundary 9 P;. This component is the union
of C\ P; and countably many Fatou components that intersect with the cut rays f L Qfs.
Thus, it is also simply connected. O

4.2. Admissible graphs

Given the point z € C\ (A U Jp), the difference set Ay(z) = Py(z) \ Pa+1(z) is an annulus,
either degenerate or of positive modulus. Here, d is called the depth of A;(z). For d > 1 and
c € C,, the annulus A;(z) is called off-critical, c-critical or c-semi-critical if P;(z) contains
no critical points, P;41(z) contains the critical point ¢ or A;z(z) contains the critical point c,
respectively.

Because the critical annuli play a crucial role in our discussion, we will devote ourselves to
finding a graph such that with respect to the Yoccoz puzzle induced by such a graph, the critical
annulus Ag4(c) is non-degenerate for some d > 1. By Lemma 4.1, if some critical annulus A4(c)
of depth d > 1 is non-degenerate, then all critical annuli of the same depth are non-degenerate.
The graph that satisfies this property is of special interest.

Definition 4.1. We say the graph G, (01, ..., 0y) is admissible if it is not touchable and if with
respect to the Yoccoz puzzle induced by G, (01, ...,0y) there exists a non-degenerate critical
annulus A4 (c) for some critical point ¢ € C; and some depth d > 1. Otherwise, we say the graph
G, (01, ...,0N) is non-admissible.

By definition, a non-admissible graph either is touchable or contains no non-degenerate criti-
cal annulus of depth greater than one with respect to its induced Yoccoz puzzle. In the definition
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1/2

Fig. 6. A graph with Yoccoz puzzle to depth one (n =3 and G; = G, (1/2)).

of an admissible graph, we require that the critical annulus A;(c) is non-degenerate for some

depth d > 1 rather than d = 0 because the puzzle pieces of depth zero have only two-fold sym-

metry and the puzzle pieces of depth greater than zero have 2n-fold symmetry (see Lemma 4.1).
The following remark tells us that a graph may be non-admissible in some cases.

Remark 4.1. There exist non-admissible graphs. For example, for any n > 3, suppose fj is
1-renormalizable at cp (see Section 5 for definition). Then, the graph G, (1) is non-admissible
because A;(co) is degenerate for all depths d > 1 (see Fig. 6). One should note that Ag(cy) is
non-degenerate and Ag(c1) = e B A (co) is degenerate for all d > 1.

However, even if non-admissible graphs exist, we can always find an admissible graph based
on an elaborate choice. The aim of this section is to prove the existence of admissible graphs for
n>=3.

Proposition 4.1. For any n > 3 and any ) € H, if f, is not critically finite, then there always
exists an admissible graph.

The proof is divided into three lemmas: Lemma 4.3, Lemma 4.4 and Lemma 4.5. In fact,
these lemmas enable us to prove much more: when n > 5, there always exist infinitely many
admissible graphs fAkH( Ur) = ff( ) or f/<‘+2( Ur) = f){‘( /1) for some k > 1.

Lemma 4.3. When n = 3, there exists an admissible graph except when the critical orbit of f
eventually lands at a repelling cycle of period one or two. More precisely,

1. If neither G (1/4) nor G, (1/2) is touchable, then at least one of the graphs G;(1/4),
G, (1/2), G, (1/4,1/2) is admissible.

2. If G (1/2) is touchable, then either G (1/4) is admissible or the critical orbit of f) eventu-
ally lands at a repelling cycle of period two.
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1/4

3/4

Fig. 7. Candidates for admissible graph when n = 3.

3. If G, (1/4) is touchable, then either G, (1/2) is admissible or the critical orbit of f, eventu-
ally lands at a repelling fixed point.

Proof. First, note that

—1/nl/4 1/12 1/4 5/12 —1(nl/2 1/6 1/3 1/2
fxl(QA/ )Z‘QA/ U‘Qk/ U‘Qk/ ) b I(Q)\/)ng/ U‘QA/ U‘QA/'

1. In this case, the full rays a))]h/ 12 and wi/ 6 decompose Sp into four domains: Di, D>, D3
and Dy (see Fig. 7). If neither G, (1/4) nor G, (1/2) is touchable, then the critical orbit has no
intersection with .QAI/ MU .QAI/ 2,

We consider the location of the critical value vj\'; there are four possibilities:

Case 1. v;' € Dj. In this case, the annulus Ao(vf) = Po(v;f) \ Pl(vf) is non-degenerate
with respect to the Yoccoz puzzle as induced by either of the graphs G, (1/4), G, (1/2) and
G, (1/4,1/2). It turns out that the critical annulus A{(c) is non-degenerate for all ¢ € C,. Thus,
in this case, all the graphs G, (1/4), G,.(1/2), G, (1/4, 1/2) are admissible.

Case 2. v;’ € D,. The annulus Ao(v;f) = Po(vf) \ P (vr) is non-degenerate with respect to
the Yoccoz puzzle induced by the graph G, (1/4). Therefore, all critical annuli Aj(c) are non-
degenerate. Thus, the graph G, (1/4) is admissible.

Case 3. vzr € D3. The annulus Ao(v;’) is non-degenerate with respect to the Yoccoz puzzle
induced by the graph G, (1/4, 1/2). Therefore, all critical annuli A;(c) are non-degenerate, and
the graph G, (1/4, 1/2) is admissible.
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Case 4. v):" € Dy4. Based on an argument similar to that used above, we conclude that the graph
G, (1/2) is admissible.

2. In this case, the graph G, (1/4) is necessarily untouchable. First, note that the cut ray Qf/ 12

decomposes .Qll/z into four parts: .Qi/z(z, 2), .QAI/Z(Z, -2), .Q;/Z(—Z,Z) and Q){/z(—Z, -2),

where

2, (€0, e1) = [2€ 2,7\ 05; 81(2) = (€0, €1, £2,£2,..)}, €, €1 = %2.

Moreover, for any z € (52;/2(2,2) U .Qi/z(—Z, —=2)) N J(f;), the annulus Ag(z) is non-
degenerate with respect to the Yoccoz puzzle induced by the graph G, (1/4).

Because G, (1/2) is touchable, there exist an integer p > 1 and a critical point ¢ € C; such
that f){) (c) € .Qi/z. Consider the itinerary of ff (c), say sx(ff(c)) = (50, S1, 52, ...). There are
two possibilities:

Case 1. There is an integer n > 0 such that (s, s,+1) = (2,2) or (=2, —2). In this case,
IP(e) € (2)72,2) U 2,7(=2,-2)) N J(f,); thus, the annulus Ag(f,"7(c)) is non-
degenerate. It turns out that the critical annulus A, ,(c) is non-degenerate. Therefore, the graph

G, (1/4) is admissible.

Case 2. For any integer n > 0, (s, sp+1) = (2, —2) or (—2,2). In this case, either sk(fkp(c)) =
2,-2,2,-2,..)=(2,-2) or s,\(fkp(c)) =(-2,2,-2,2,...) = (—2,2). By Proposition 3.4,
fkp (c) lies in a repelling cycle of period two.

3. The proof is similar to the proof of 2. In this case, the graph G, (1/2) is necessarily untouch-
able. First, note that the cut ray .Q;B decomposes .Q){M into four parts: .QAI/4(1, -1, Qi“(l, 1),

241, -1) and 2)/4(—1, 1), where

2, o, e1) = [z € 2,/*\ 05 81(2) = (o, €1, 21, £1,..)}, €, e1 = %1
Moreover, for any z € (.{2}1/4(1, -1 U 9;/4(—1, 1)) N J(f5), the annulus Ag(z) is non-
degenerate with respect to the Yoccoz puzzle induced by the graph G, (1/2).

Because G, (1/4) is touchable, there are an integer p > 1 and a critical point ¢ € C), such that
f){’(c) € .{2){/4. Consider the itinerary of f){) (c), say S)L(f){) (¢)) = (so, s1, 52, ...). There are two
possibilities:

Case 1. There is an integer n > 0 such that (s, s,+1) = (—1,1) or (1,—1). In this case,
ey € (241, =1) U 2% (=1,1)) N J(f,); thus, the annulus Ag(f,”(c)) is non-
degenerate. It turns out that the critical annulus A, ,(c) is non-degenerate. Therefore, the graph

G, (1/2) is admissible.

Case 2. For any integer n > 0, (s, sp+1) = (1, 1) or (—1, —1). In this case, either sk(f}f’(c)) =
(1,1,..)= (D) or s, (f(¢)) = (=1, —1,...) = (—1). By Proposition 3.4, f(c) is a repelling
fixed point. O
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Fig. 8. Candidates for admissible graph when n = 4.

Lemma 4.4. When n =4, if G, (1/3) is not touchable, then G, (1/3) is admissible; if G, (1/3) is
touchable, then G, (2/3, 1) is admissible.

Proof. First, note that s(1/3) = (2,2,...) = 2), s2/3) =(-1,—-1,..) = (=1) and s(1) =
(—3,-3,...)=(=3). Thus, 2, C $2US_», 2> C S US_; and 2! C S3US_3 (see Fig. 8).
It is easy to verify

1/3

fx_l(QA ) = Qxl/lz

5/24 1/3 11/24
uy*uePuel

If the graph G, (1/3) is not touchable, then the critical orbit has no intersection with .Q)IL/ 3,

With respect to the Yoccoz puzzle induced by G, (1/3), the puzzle piece P; (v;) is a subset of

the domain bounded by a)i/ #* and a)?/ 2 together with the equipotential curves e(B;, 1/n) and

e(Ty, 1/n). Thus, the annulus Ao(v;') is non-degenerate. It turns out that all critical annuli A1 (c)
are non-degenerate. Therefore, the graph G (1/3) is admissible.
If the graph G, (1/3) is touchable, then there exist an integer p > 1 and a critical point ¢ € C),

such that pr (c) € .Qi/ 3. Note that the preimage of Qf/ 3 that lies in SHUS_5is QZ/ * and the

preimage of .Q){ that lies in S> U S_» is .Qf/ ¥ In this case, with respect to the Yoccoz puzzle

induced by the graph G, (2/3, 1), the puzzle piece P ( ff (c)) is bounded by QZ/ ** and .Q;/ 8;

thus, the annulus Ag( ff (c)) is non-degenerate. It follows that all critical annuli A, (c) are non-
degenerate, and the graph G; (2/3, 1) is admissible. 0O

In the following, we will consider the case when n > 5. Let

6 = m ‘L’j( U (@kU@—k)>

j=0 2<k<n—2
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Fig. 9. Candidates for admissible graph when n > 5.

be the set of all angles in & whose orbits remain in Uzg kgn—z(@k U @_y) under all iterations
of 7, and let @per be the set of all periodic angles in ©. Based on a similar argument as for
Lemma 3.2, we can show that @per is a dense subset of . By Lemma 3.1, one can check that
the set éper can be written as

Oper = | J{x(9); s= 0, 5,-1) € Zoand o, ... sp1 € {£2,..., £(n - 2)}}
pzl

and that any angle 6 € @per is of the form

1 ( x(s0) Iso n? |5k |
60 =— .
2( n +n(n1’—1)+n1’—1 Z nk+l

1<k<p

Lemma 4.5. When n > 5, there are infinitely many periodic angles 6 € © such that the graph
G, (0) is admissible.

Proof. We can choose an angle 6 € @per such that the critical orbit avoids the graph G, (6). (Note

that there are infinitely many such choices of angle #.) When n > 5, the set Uj>0 _Q;-’ ©® _

{0, oo} lies outside S U Sp U S_(,—1) (see Fig. 9). Then, with respect to the Yoccoz puzzle

induced by the graph G, (6), P; (v;f) is contained in the interior of S1 U Sp U S_(,—1) and is a
proper subset of Po(v;f). Because f5 (P2(cp)) = Py (v;f) and f3(P1(co)) = Po(v;f), we know that
A1(co) = P1(co) \ Pa2(cp) is non-degenerate. Thus, the graph G, (9) is admissible. O
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In the remainder of this section, we prove an important property of the cut rays that are used
to generate admissible graphs. Let

{
Ouq = {

n
n=4,
@pEF7 n>=>5.

Note that for any admissible graph G, (61, ..., 6y) constructed by Lemma 4.3, Lemma 4.4 and
Lemma4.5, {61, ...,60n} C Oyy. In the following, we will prove
Proposition 4.2. For any 6 € Oy, the intersection .Qf N 8 By, consists of two points.
The proof is based on the following:
Lemma 4.6. Suppose 6 € ©, and 0 satisfies one of the following conditions:
Cl. There are two sequences, {92_}191, {0; Yk>1 C O suchthat forallk > 1, 0, <6 < 9k+ and
JOF.0)=J0.0) — 00 as k — oo.
C2. There is a sequence {O}i>1 C O such that 0y <6 <03 <---(or 6y >0, > 03 > ---) and

J(O,0) =k forany k > 1.

Then the intersection .Qf N 8 B, consists of two points.

+
Proof. 1. Suppose 6 satisfies C1 and s(0) = (so, s1, 52, - . .). By Proposition 3.6, the cut rays .ka

0 . . + . . +
and £,* both intersect with Qf at 230 -9+ points; they hence decompose .Qf into 29 -0)+1
parts:

95(60,61,...,6‘](9;—’9)), €j Zisj, O<J<J(9,j,9)

Here 27 (co, €1, ..., €p) :={z € 2\ O3; $:(2) = (€0, €1, .-, €p, ESpi1, ESpi2, .- )}
Based on the structure of the cut rays (Proposition 3.2) and because the angle 6 satis-

fies condition C1, we conclude that of these 2I66)+1 parts, only two intersect with Bj:
29 (s0, 51, -+ -, Sy .6)) and 29 (=s0, (=D)"s1, ..., (=1)"s5+ 9)- We should remark that here

n ,
we use two cut rays .ka , sz with J(07,0) =J (0, , 0) to separate the other segments of Qf
from B, (see Fig. 10). Moreover, 2/ N B, € 2%(so, 51, ..., Sye.0) Y 29 (=s0, (=D)"s1, ...,
(—1)"sJ(9;r’9)) for any k > 1. It turns out that

Q) N B C [)(2] (5051 5y 0) U 27 (=50, (= 1)s1 ooy (D)5t )
k>1

={ze2; ,.(2) = (s0, 51,52, ...) or (=50, (=1)"s1, (=1)"s2,...)}

=R.(O)URLO + 1/2).
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o
Q% (s0, 51)
QY (=50, (=1)"s1) /
0 %
O

Fig. 10. Three cuts rays with angles GI:F >0 > 06, . In this figure, J(Glj, 0) =J (6, .0) = 1. Exactly two segments of .Qf
intersect with Bj: .Qf (so, s1) and .Qf (—s0, (=1)"sq1).

0>
01

Fig. 11. Cut rays with angles 0] <6, <--- <0, J(0,61) =1,J(6,6;) =2, .... Moreover, B, has no intersection with
the bounded components Wy and W5 of C \ (.Qf1 u .ng).

By Proposition 3.2, the intersection .Qf N 9B, consists of two points. These two points are
the landing points of the external rays R; () and R, (6 + 1/2).

2. Now we suppose that 0 satisfies C2 and s(0) = (so, 51, 52, ...). We only prove the case
when 7 is odd. The argument applies equally well to the case when n is even. Let {0 }r>1 C ©
be a sequence such that 67 < 6, < 603 < --- and J(6, 0) = k for any k > 1. The following facts
are straightforward:

Fact 1. Let z € .Qf. If the itinerary s,(z) is of the form (eo,..., €k, Sk+1,Sk+2,...) Of
k+1
(€0, - -+ €ks —Sk1, —Sk+2,...) for some k > 0, then sy(f5 ' (2)) = £(sk1, Skt2,...) =

s(¥*1(9)) or s(¥1(9) + 1). By Proposition 3.1, £ (2) € Ri(tFF1(6)) U Ry (zFH1(6) + 1).
Thus, z lies in the closure of some external ray or radial ray Ry (6y) for U € P.

Fact 2. For any k > 1, B, has no intersection with any bounded component of C\ U, <<k .ij ;
see Fig. 11. (The proof is almost immediate from Proposition 3.1.)

. . . = 6;
Fact 3. The sections of .Qf that intersect with the unbounded component of C\ |, <<k 2,7 are
as follows:

0 0
QA(SOa"‘aSk)a Q}L(—SO,...,—S](),

0 % .
§27(80, -5 Sjs —Sja1se--> —Sk), 27 (=80, ..oy —=S8j,Sj41,---580), 0<j<k.

Let & be the collection of these sections.
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Based on Facts 2 and 3, we have B; N .Qf C UEeSk E for any k > 1. It follows that BN Qf -

Mis1Ugeg, E = {z € £27.8,(2) is of the form £(0) or (50, 51, - .., ks —Sk41, —Sk42: - --)
for some k > 0}.

By Fact 1, for any z € B; N 27, either z € R, () UR, (6 + 1/2) or there exist U € P\ {B,}
and an angle 0y such that z € Ry (0y). In the following, we show that the latter is impossible.
In fact, if z € B, N .Qf N Ry(By), then z € B, NAU. Let p > 0 be the first integer such that
W) =T,.

After p iterations, we see that ff (z) €9B, NAT, and ff (z) is the landing point of the radial
ray Rr, (01,) = f)f’ (Ry (6y)). On the other hand, /\p +1 (z) is the landing point of the external ray

R, (6)) = f{’“ (Ry (6y)). Therefore, ff (z) is also a landing point of some external ray R, (8),
B € =1(6,). Because both Ry, (07,) and Ry () land at £ (z), and fo (Rz, (61,)) = f(Ri.(B)) =
R;.(6;), ff (z) is necessarily a critical point in C,,.

However, the result that ff (z) € ff (.Qf )N C), leads to a contradiction because for any « € O,
the cut ray £25 avoids the critical set C;..

Now, we are in the situation B; N .Qf C Ry (0)UR; (6 + 1/2), and the conclusion follows. O

Proof of Proposition 4.2. It suffices to verify that for any 6 € ©,4, 0 satisfies either C1 or C2
by Lemma 4.6. .
When n = 3, s(1/4) = (1, —1), s(1/2) = (2). Define two sequences of angles {a}i>1,
{Br}k>1 C © such that
s(e))=(1,-2,—-1,1,—1,1,...), s(B)=2,1,-1,2,2,2,...),
s(ap) =(1,-1,2,1,-1,1,...), s(B)=(2,2,1,-1,2,2,...),
s(az)=(1,-1,1,-2,—-1,1,..)), s(B3)=(2,2,2,1,—1,2,...),

Then, oy > ap > a3 > --- and J(og,1/4) =k for any k > 1; By < B2 < B3 < --- and
J(Bxk, 1/2) = k. Thus, both 1/4 and 1/2 satisfy condition C2.

When n =4, s(1/3) = (2), s(2/3) = (—1), s(1) = (—3). Define three sequences of angles
{1, {Brti=1, {Vi}k>1 C © such that

s(e))=(2,1,-2,2,2,...), s(B1)=(-1,-3,—-1,—1,...),
s(y1) =(—=3,—1,-3,-3,...), s(r) =(2,2,1,-2,2,...),
s(B2)=(—1,—-1,-3,—1,...), s(y2) =(—3,-3,-1,-3,...),
s(3) =(2,2,2,1,-2,...), s(B3)=(—1,-1,—-1,-3,...),
s(y3) =(—3,-3,-3,—1,...),
Theno) <oy <az <---and J(og, 1/3) =k; B1 > P2 > B3> ---and J(Bk,2/3) =k; y1 <2 <
y3 <---and J(y, 1) = k. Thus, 1/3,2/3, 1 all satisfy condition C2.

When n > 5, we can prove that for any 6 € ©),,, 0 satisfies condition C1. (In fact, this is true

forall 0 € @.) The proof is as follows. Suppose s(8) = (so, 51, 52, - ..). For any k > 1, we choose
s sp €{xl £ — 1)} and sy, 557, €1\ {0, n} such that
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(M) Isg | < lsel < s,

- o + .+
(2) (S()v cery Sk—lv sk ’ sk+17 Sk+27 Sk+37 .. ')9 (S(), cet sk—lvsk 3sk+13sk+29 Sk+33 .. ) € 20 Let
+ + .+
Qk ZK((SOa"'ssk—lssk 7sk+1vsk+2vsk+37"'))v
Qk_ =K((S(),...,Sk_l,S,:,s,:+l,sk+2,sk+3,...)).

It is easy to check that 6, <6 < 9,:’ and J(6;", 0) =JO,.,0)=k—>ocask—o0. O
4.3. Modified puzzle piece

Consistent with the idea of the ‘thickened puzzle piece’ used in [21] to study the quadratic
Julia set, we construct the ‘modified puzzle piece’ for McMullen maps. The ‘modified puzzle
piece’ can be used to study the local connectivity of J(f;) in the non-renormalizable case (see
Lemma 7.1). It is also used to define renormalizations (see Remark 5.1).

Given an angle 6 € ® with itinerary s(0) = (so, s1, 52, . ..), the cut ray .Qf is identified as
.Qf = ﬂk>0 f)\_k (85, U S_g,); it can be approximated by the sequence of compact sets { .Qf’ =
mogkgm f)\_k (S5, U S_5)}m>0 in Hausdorff topology. Now, we consider the set C \ .Qf’m. The
open set C \ .Qf‘m consists of two connected components, and the boundary of each component
is a Jordan curve. Denote these two boundary curves by y)}’m (0) and yﬁm @). Let V,,,(0) =
y)\l‘m(e) N yf’m(e) be the intersection of these two curves. It is obvious that V,,(6) consists of
finitely many points and that V,,,(0) = .Qf N (U0<k<m+1 f[k (00)). For any v € V,,(0), let D(v)
be the connected component of {z € A;; G, (z) > 1} that contains v. Obviously, D(v) is a disk.

In the following, we construct the ‘modified puzzle piece’. For the Yoccoz puzzle induced by
the graph G, (61, ..., Oy), recall that each puzzle piece Py of depth zero is contained in a unique
component of C \gr(01,...,0n). This component is simply connected and is denoted by Qp. We
may choose a m large enough so that for any «, 8 € {rk(Gj); 1<j <N, k >0} with .Qf #* .Qﬁ,

2,nel =ernal.

The disk Qg is bounded by some collection of cut rays, say {£2; « € A(Qg)}, where A(Qo) is
an index set induced by Q. For any o € A(Qy), choose a curve y («) € {yklym(a), yﬁm (a0)} such
that y (0) N Qo = @. Let Qo be the connected component of C \ Uy A0y Y () that contains Qy,

and let V(Qp) = UaeA(Qo)(Vm (o) N 3 Qo). The modified puzzle piece 130 of Py is defined as
follows:

h=00- |J Dw.

veV(Qo)

Roughly speaking, we can obtain }30 from Qg by thickening Q¢ near d Qg \ V (Qo) and truncating
Qo near the points in V (Qp). The puzzle piece P is not contained in 130; for this reason, we call
Py the ‘modified puzzle piece’ of Py rather than the ‘thickened puzzle piece’ of Py.

Modified puzzle pieces of greater depth can be constructed by the usual inductive procedure; if
13;/ ) is the modified puzzle piece of depth d, then each component of fx_l (ﬁd(J )) is the modified
puzzle piece of depth d + 1 (see Fig. 12).
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Fig. 12. An example of ‘modified puzzle pieces’, to depth one.

The advantage of these modified puzzle pieces is as follows: if a puzzle piece P[y ) contains
szj—)p then the modified puzzle piece 13;] ) contains 13;]_?1 , which can be easily proved by induc-
tion. In other words, this construction replaces all of our annuli with non-degenerate annuli.

For z € C\ (A; U Jp), let f’d (z) be the modified puzzle piece of P;(z). We will only make use
of modified puzzle pieces that are small enough to satisfy the following additional restriction: if
ﬁd(z) contains a critical point, then P;(z) must already contain this critical point. Note that if the
graph G, (01, ..., 6y) is not touchable, then this requirement is easily satisfied for any bounded
value of depth d by choosing m large enough, which will suffice for the applications.

Based on construction, the puzzle piece P;(z) and the modified puzzle piece Pi(2) satisfy the
following relation:

PiR) CPi@UAL [ Pa@ () Pl
d>0 d>0

The modified puzzle pieces also satisfy the following symmetry properties: For any z € C \
(AU Jo),

—Po(2) = Po(—2),  wPy(z)=Pi(wz), o™=1, d

WV

4.4. Tableaux

In this section, we present some basic information on tableaux, based on Milnor’s Lecture
[21]. Applications of tableaux analysis combined with puzzle techniques can be found in [2,14,
21,22,25-27,32] and many other papers.

Recall that Jp is the set of all points on J(f;) with orbits that eventually touch the graph
Gy(01,...,0y).Forx € C\ (A; U Jo), the tableau T (x) is defined as the two-dimensional array
(Pa,1(x))a,1>0, where Py (x) = f/{(PdH x)) = Pd(f){ (x)). The position (d, /) is called critical
if P4;(x) contains a critical point in Cy. If Py ;(x) contains a critical point ¢ € C;, the position
(d, 1) is called a c-position.

For any x € C \ (A U Jp), the tableau T (x) satisfies the following three rules:
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(T1) For each column / > 0, either the position (d, [) is critical for all 4 > 0 or there is a unique
integer dp > 0 such that the position (d, ) is critical for all d < dy and not critical for
d > dy.
(T2) If P;(x) = P4(y) forsome y € C \(ArUJp),then P; jyj(x) =P j(y) for0<i+ j <d.
(T3) Let T'(c) be a tableau with ¢ € C;. Assume
(@) Pyy1-1,1(c) = Pgy1-1(c") for some critical point ¢’ € C;, 0 <1 < d, and Py_; ;(c)
contains no critical points for 0 <i <.
(b) Py m(x) = Py(c) and Pyii m(x) # Pay1(c) for some m > 0.
Then, Pyi1—1,m41(x) # Pag1-1(c)).

Remark 4.2. The tableau rule (T3) is based on the fact that every puzzle piece of depth d > 1
contains at most one critical point in Cj,.

Definition 4.2. 1. The tableau 7 (x) is non-critical if there is an integer dy > 0 such that (dp, j)
is not critical for all j > 0. Otherwise, T (x) is called critical. (One should be careful to note that
T (x) is critical does not mean x € Cj.)

2. The tableau T (x) is called pre-periodic if there exist two integers [ > 0 and p > 1 such that
Pg 1 p(x) = Pg(x) for all d > 0. In this case, if / =0, T'(x) is called periodic, and the smallest
integer p > 1 is called the period of T (x).

3. Let Row,(d) be the d-th row of the tableau T (c) with ¢ € C,. We say Row.(d + [) with
[ > 0 is a child of Row,(d) if there is a critical point ¢’ € C;, such that Ad(f)f (c)) = Ayg(c’) and
fll :Agyi(c) = Ag(c) is a degree two covering map.

4. Let c € C). Ford > 1, we say Row,(d) is excellent if Ad(f{ (c)) is not semi-critical for all
[>0.

Remark 4.3. By Lemma 4.1 and the fact that ff (wz) ==+ f/\k (z) fork > 1, @*" =1, we have

1. If (d,!) is a critical position for some tableau 7 (c) with c € C,, then (d,!) is a critical
position of T'(¢’) for every ¢’ € C;.

2. If there is ¢ € C}, such that the tableau T (c) is critical, non-critical or pre-periodic, then for
every ¢’ € C,, the tableau T'(c’) is critical, non-critical or pre-periodic, respectively.

3. If Row,(d) is excellent or has a child Row.(d + ) for some critical point ¢ € C;, then for
every ¢’ € C;, Row. (d) is excellent or has a child Row. (d + 1), respectively.

Lemma 4.7. Suppose some tableau T (c) with ¢ € C,,_ is critical but not pre-periodic, then

1. Foreveryd > 1, Row.(d) has at least one child.

2. If Row.(d) is excellent, then Row.(d) has at least two children.

3. If Row.(d) is excellent and Row.(d + 1) is its child, then Row.(d + 1) is also excellent.
4. If Row.(d) has only one child, say Row.(d + 1), then Row.(d + 1) is excellent.

Proof. 1. By hypothesis, for every d > 1, we can find a smallest integer / > 0 such that the
annulus Ay (f/{ (¢)) is ¢’-critical for some ¢’ € Cy. The map f){ tAgai(c) > Ag(c) is a degree
two covering map, which implies that Row.(d + /) is a child of Row.(d).

2. Following 1, there exists d’ > d such that the annulus Az ( fi (¢)) is ¢’-semi-critical. Be-

cause Row,(d) is excellent, by tableau rule (T3), A _( f/\l+t (¢)) is either off-critical or semi-

critical for 0 < t < d’ — d. In particular, Ad(fkl”/*d(c)) is off-critical. Hence, we can find a
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smallest integer I’ > [ +d’ — d such that the annulus Ad(f){/ (¢)) is critical; therefore, Row,.(d +1')
is another child of Row,(d).
3. If Row.(d + I) is not excellent, then there is a column I’ > [ such that Ag4( f){ (c)) is

semi-critical. By tableau rule (T3), A4( f){H/ (¢)) is also semi-critical, which contradicts the fact
that Row,(d) is excellent.

4. If Row,.(d + 1) is not excellent, then as in (3), Ad(f)f'H, (c)) is semi-critical for some I’ > [.
Suppose I’ > [ is the smallest integer. We can find a smallest integer 7 > I’ 41 such that A4 (f} (c))
is ¢’-critical for some ¢’ € C;,. Then Row,.(d + t) is also a child of Row,.(d), which is a contra-
diction. O

Lemma 4.8. Suppose some tableau T (c) with ¢ € C), is critical and pre-periodic.

1. If n is odd, then there exist exactly two critical points +c' € Cy, such that T (c') and T (—c’)
are periodic.
2. If n is even, then there is a unique critical point ¢ € C)_such that T () is periodic.

Proof. Because T'(c) is critical and pre-periodic, there exist a smallest integer p > 1 and a
unique critical point ¢’ € C; such that (d, p) is a ¢’-position for all d > 0.

1. If n is odd, there are two possibilities: either f3(c) = f;.(c") or fo(c) + fr(c') =0.

If f5.(c) = fo.(c"), then both T(¢’) and T (—c’) are periodic with period p. In this case, there
is an integer dy > 0 such that for any d > dpy, 0 <[ < p, the position (d, [) is not critical. It is
easy to check that for any ¢ € C; \ {Z¢'}, the tableau T (¢) is strictly pre-periodic. In particular,
if p=1, then P;(c") = Py(fa(c")) for all d > 0. This means that for any d > 0, ¢’ and f5(c) lie
in the same puzzle piece of depth d. Thus, we conclude {+c’'} = {co, ¢, }.

If f5(c) + fo(c) =0, then both T(¢) and T(—c’) are periodic with period 2p. Consider
the tableau T (c’); there is an integer dg > 0 such that for any d > dy, 0 <1 < p, the position
(d, 1) is not critical and for any d > 0 the position (d, p) is (—c)-critical. It is easy to confirm
that for any ¢ € C;, \ {'}, the tableau T (¢) is strictly pre-periodic. In particular, if p = 1, then
Py(—c") = Py(f;.(c")) for all d > 0. Therefore, for any d > 0, —c’ and f;(c¢’) lie in the same
puzzle piece of depth d. Thus, we conclude {£c'} = {c1, cp+1}.

2. n is even. In this case, based on the fact that ff(vf) = ff(v;) for all £ > 1, we conclude
the tableau T (f5.(c")) is periodic With a period p and the tableau T (— f; (c’)) is strictly pre-
periodic. There is thus a unique critical point ¢ € f[l (f.(c")) such that T (¢) is periodic. For this
tableau, there is an integer dp > 0 such that for any d > dy, 0 <[ < p, the position (d, ) is not
critical. It is easy to check that for any ¢’ € C, \ {¢}, the tableau T (c”) is strictly pre-periodic.
In particular, if p =1 and T(v;r) is periodic, then ¢ = co; if p =1 and T (v, ) is periodic, then
c=cCp+1- O

5. Renormalizations

In this section, we discuss the renormalization of McMullen maps with respect to the puzzle
piece.

Definition 5.1. If there exist a critical point ¢ of f, an integer p > 1 and two disks U and V
containing c such that

effU—>V
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is a quadratic-like map whose Julia set is connected (here € € {£1} is a symbol), then we say
f>. is p-renormalizable at ¢ if € = 1 and f is p-*-renormalizable at ¢ if € = —1. In the former
case, the triple ( f}f’ , U, V) is called a p-renormalization of f at c. In the latter case, the triple
(— fkp ,U, V) iscalled a p-x-renormalization of f; at c.

In the following, we use K. = {z € U; (¢f{)*(z) € U, Vk = 0} = (No(eff)*U) 10
denote the small filled Julia set of the (*-)renormalization (e ff ,U, V). By the straightening
theorem of Douady and Hubbard [11], if (e fkp , U, V) is a p-(x-)renormalization of f;, then € f){)
is conjugated by a quasi-conformal map o to a unique quadratic polynomial p,(z) = 22+ pin
a neighborhood of the filled Julia set K.. Let 8 be the B-fixed point (i.e., the landing point of
the zero external ray) of p, and B’ be the other preimage of 8. We call 8. = o~ 1(B) the B-fixed
point of tlhe renormalization (e ff , U, V). The other preimage of 8. under the renormalization is
BL=0""(p).

In this section, we always assume that the graph G; (61, ..., 6y) is admissible.
5.1. From tableau to renormalizations
Lemma 5.1. Suppose some tableau T (c) with ¢ € C,, is pre-periodic.

1. If T (c) is non-critical, then f; is critically finite.
2. If T (c) is critical, then f; is either renormalizable or *-renormalizable.

Proof. Because T'(c) is pre-periodic, there exist two integers / > 0 and p > 1 such that
Pa(f3"7(€)) = Pasp(c) = Pa(c) = Pa(f}(c)) forall d > 0.

1. T(c) is non-critical. In this case, the tableaux T(fkl (¢)) and T(f)fﬂ’(c)) are also non-
critical. Based on Lemma 7.1, {£;77(6)}) = Nyso Pa(fy 7 (@) = Nyso Pa(f1(©) = (f1(0)}.
Therefore, f){+p (c)= f){ (c), and f; is critically finite.

2. T(c) is critical. If n is odd, then based on Lemma 4.8, there are exactly two critical points

+c¢’ € C, such that T(c¢’) and T (—c’) are periodic. Suppose the period is p, and consider the
tableau T (c’). There are two possibilities:

Case 1. There is an integer dp > 0 such that for any d > dp, 0 <[ < p, the position (d, 1) is
not critical. Then, f)\p i Pagyyp(c) = Pyy(c’) is a quadratic-like map and {ffp (ch; k>0}C
Piy+p(c’). Thus, (f){j, Piy+p(c"), Pgy(c)) is a p-renormalization of f; at ¢’. Because f; is an
odd function, ( f/\p s Pgytp(—c"), Pgy(—c")) is a p-renormalization of f; at —c’.

Case 2. p is even and there is an integer dp > 0 such that for any d > dp, 0 <[ < p/2, the posi-
tion (d, 1) is not critical, and for any d > 0, the position (d, p/2) is (—c’)-critical. Then, — )\p /2 :
Payipj2(c’) = Pay(c) is a quadratic-like map with {(—1)* £17/2(c"); k = 0} C Puyy p/a(c).
Thus, (—f)f’/z, Py+p/2(c’), Pgy(c")) is a p/2-s-renormalization of fj at ¢’. It turns out that

(—f)f’/z, Piytpj2(—c'), Pgy(—c’)) is a p/2-x-renormalization of f; at —c’.

If n is even, then based on Lemma 4.8, there is a unique critical point ¢ € C; such that T'(¢)
is periodic. Suppose the period is p; there is then an integer do > 0 such that for any d > dj,
0 <1 < p, the position (d, ) is not critical. Then, fkp : Pgy+p(€) = Pgy(©) is a quadratic-like
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map and { ff” (©); k =0} C Paysp(©). Thus, (£, Paytp(©), P4y(©)) is a p-renormalization of
/o at ¢. Because f; is an even function, (— f)\p s Piyy p(—0), Pgy(—C)) is a p-k-renormalization
of fat —c. O

Remark 5.1. Lemma 5.1 also holds when the graph G, (01, ..., 8y) is not touchable. Indeed, in
this case, we can use modified puzzle pieces to define renormalizations.

Proposition 5.1. Suppose f; has a non-repelling cycle in C; then f; is either renormalizable or
s-renormalizable. In this situation, there are three possibilities:

1. If f, is renormalizable and n is odd, then f; has exactly two non-repelling cycles in C.
2. If f, is x-renormalizable and n is odd, then f has exactly one non-repelling cycle in C.
3. If f, is renormalizable and n is even, then f has exactly one non-repelling cycle in C.

Proof. Let C = {z9, f,.(z0), ..., ff (z0) = zo} be the non-repelling cycle of f in C. By Proposi-
tion 4.1, we can find an admissible graph G, (61, . .., 0y). By Proposition 3.4, the cycle C avoids
the graph G, (01, ..., 0x). Thus, for any z € C and any integer d > 0, the puzzle piece P;(z) is
well defined.

We claim that there exist z € C and a critical point ¢ € C), such that P;(z) = Py(c) for all
d > 0. Otherwise, the tableau 7 (z) is non-critical for any z € C. It follows that there is an integer
do = 0 such that the map ff i Pgy14(z0) = Pyy(z0) is conformal. Based on the Schwarz Lemma,
I(f)(z0)| > 1, which is a contradiction.

In this way, we can find a critical point ¢ € C; with tableau T (c) that is periodic. Based on
Lemma 5.1, f; is either renormalizable or *x-renormalizable.

To continue, suppose the period of T'(c) is p, which is necessarily a divisor of g. Based on
Lemma 5.1, there are three possibilities:

(P1). n is odd and ( f/\” s Pay1p(c), Pyy(c)) is a p-renormalization of f; at c. In this case,
( f/\‘" , Pgy1p(c), Pyy(c)) is quasi-conformally conjugate to a polynomial z > 22 + u. Because a
quadratic polynomial has at most one non-repelling cycle (see [3] or [28]), it turns out that C is
the only non-repelling cycle contained in Uog i<p f)f (K¢). On the other hand, —C is the only
non-repelling cycle contained in U0<j <p f)f (—K_.). Because there are exactly two critical points
whose tableaux are periodic in this case and (U0<j<p f)f (K)) N (U0<j<p fAj (—K.) =0, we
conclude that f) has exactly two non-repelling cycles in C.

(P2). n is odd and (—f[/z, Pay1p2(c), Pgy(c)) is a p/2-x-reorganization of f) at c. In this
case, the cycle C meets both K. and —K .. By a similar argument as above, one sees that C is the
only non-repelling cycle contained in Uog i<p f){ (K.). Because the cycle —C is also contained
in U0<j<p f)f (K.), it turns out that C = —C.

(P3). n is even and (ff, Pgy1p(0), Pyy(c)) is a p-renormalization of fj at c. In this case, ¢
is the only critical point whose tableau 7 (c) is periodic. Based on a similar argument as made
above, we show that C is the only non-repelling cycle in C. O

In the following, we discuss the case when f; has an indifferent cycle of multiplier 27,
Douady [9] conjectured that for any rational map, whenever it is linearizable (i.e., the map is
conformally conjugate to an irrational rotation) near an indifferent fixed point of multiplier e>*i?,
then 6 must be a Brjuno number. Here, an irrational number 6 of convergents py/qi (rational
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approximations obtained by the continued fraction expansion) is a Brjuno number (denoted by B)
if

lo
Z g qk+1 < 100
> qk

According to Cremer, Siegel and Brjuno, if 6 € B, then every germ f(z) = ¢* %7 + O(z?) is
linearizable. Yoccoz [33] shows that if the quadratic polynomial z — €27z 4 72 is linearizable,
then 6 € B. For a general case, Geyer [12] shows that for any d > 2, if z — 7z + ¢ has an
indifferent cycle of multiplier ¢>*'? near which the map is linearizable, then 6 € B. Based on
these results and Proposition 5.1, we immediately establish:

Proposition 5.2. Suppose f5. has an indifferent cycle of multiplier e*™%; then f;, is linearizable
near the indifferent cycle if and only if 6 € B.

5.2. Properties of renormalizations

In this section, we assume that some tableau 7'(c) with ¢ € C, is periodic with pe-
riod k. By Lemma 5.1, f, is either k-renormalizable at ¢ or k/2-*-renormalizable at c. Let
(e ff s Payyp(c), Pgy(c)) be the corresponding renormalization, where

€ p (1,k), if f; is k-renormalizable at c,
€, p)= . . .
p (—1,k/2), if f; is k/2-x-renormalizable at c.

The small filled Julia set Ke = ()50 Pa(c) =Ny Pa(c).
If K. N 0By # ¥, we will show that there is a unique external ray in B, converging on K.
Before the proof, we need a classic result for quadratic polynomials:

Lemma 5.2. Let p,,(z) = 22 + 1 be a quadratic polynomial with a connected filled Julia set K.
If there is a curve § C C\ K converging to x € K and p,(8) D 8, then x is the B-fixed point

of Pu-

Here, a curve § C C\ K converges to x € K means that § can be parameterized as § : [0, 1) —
C\ K such that lim,_, | §(¢) exists and lim;_, | §(¢) = x € K. See [19] for a proof of Lemma 5.2.
The conclusion also holds for quadratic-like maps.

Lemma 5.3. Suppose some tableau T (c) with ¢ € C), is k-periodic and K. N d B, # (), then

1. The small filled Julia sets K., fr(K¢), ..., . f_l (K.) are pairwise disjoint.
2. There is a unique external ray R)(t) in B) accumulating on K.. This external ray lands at
B € K. and the angle t is k-periodic.

Proof. 1.1f £i(K.) N f{ (K.) # @ for some 0 <i < j <k, then K. N £ 7/ (K,) # . Thus,
Py jti—j(c) = fﬁ"f (Pgtk+i—j(c)) = Pg(c) for all d > 0. This implies that the tableau 7'(c)
is (k +i — j)-periodic, which is a contradiction.
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2. First, note that f){‘(PdJrk(c)) = Py(c) for d > 0. Because K. N dB) # @, Pui(c) N By,
is nonempty and bounded by two external rays, say R;(6,,) and R; (9; ) with 0, < 0,; . Let
Q00,,,0,5) = Puk(c) N By, m > 1. Because ff(Q(Q;H,O;;H)) = Q(,,,0,"), we have

On <6, <"'<9;+1<9;» eg_er;:nk(ez:+l_0n:+l)'

Thus, there is a common limit ¢ = lim 9;[ =1limé,,. Because 6,; <t < 9;: for any m, we have
n*t =t (mod Z). Thus, 7 is a periodic angle and the external ray Ry (¢) lands at a point z € K, N
d B;. (because rational external rays always land). Because R; (n/¢) lands at f){ (z) € f){ (Ko)N
0B, for 0 < j < k and the small filled Julia sets K., fi(K.),..., ffl (K.) are pairwise disjoint,
we conclude that the angles 7, nt, .. ., n*=1¢ are distinct. Thus, 7 is k-periodic.

Suppose 6 is another angle such that the external ray R; (8) accumulates on K.. Then, 8,; <
6 <6, for any m. Thus, 6 =1lim6,; =1im6,, =1.

To finish, we show z = .. Because T (c) is k-periodic, f3 is either k-renormalizable or k/2-
*-renormalizable. In the former case, fAk (Ry.(t)) = R, (¢). Thus, based on Lemma 5.2, z = 8.
In the latter case, because R, (¢) is the unique external ray accumulating on K., we conclude
that R, (t + 1/2) = — R, (¢) is the unique external ray accumulating on — K. On the other hand,
ff/z(RA(t)) is also an external ray accumulating on — K., and we have ff/z(RA(t)) =R, (t +
1/2) = —R; (¢). In this case, — f,/*(Ry.(1)) = Ry.(1). Again, based on Lemma 5.2, z = .. O

6. A criterion of local connectivity

In this section, we present a criterion for the characterization of the local connectivity of
the immediate basin of attraction. This criterion can be applied together with Yoccoz puzzle
techniques to study the local connectivity and higher regularity of the boundary 9 B;,.

In the following discussion, let f be a rational map of degree at least two, C (f) be the critical
setof f and P(f) = U,@] FX(C(f)) be the post-critical set. Suppose that f has an attracting
periodic point zo and the immediate basin B of zo is simply connected. Let B(z,8) = {x €
C; |x —z| <}

Definition 6.1. We say f satisfies the BD (bounded degree) condition on 9 B if for any u € 9B
there is a number ¢, > O such that for any integer m > 0 and any component U, (u) of
f7™(B(u,&,)) intersecting with aB, U, (u) is simply connected and the degree deg(f™ :
U,,(u) — B(u, ¢,)) is bounded by some constant D that is independent of u, m and U, (u).

The following is a remark on the definition: because f" : U, (u) - B(u, &,) is a proper map
between two disks, we conclude by the Maximum Principle that for any disk W C B(u, ¢,) and
any component V of f~"(W) that lies inside U,, (1), V is also a disk.

The aim of this section is to prove the following:

Proposition 6.1. If f satisfies the BD condition on 0 B, then

1. 9B is locally connected.
2. If, furthermore, 0B is a Jordan curve, then 0B is a quasi-circle.
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Before presenting the proof, we introduce a distortion lemma. Let U be a hyperbolic disk in C
and z € U. The shape of U about z is defined by:

Shape(U, z) = sup |x —z|/ inf |x —z|.
xedU xedU

It is obvious that Shape(U, z) = oo if and only if U is unbounded and Shape(U, z) = 1 if and
only if U is a round disk centered at z. In all other cases, 1 < Shape(U, z) < oo.

Let K be a connected and compact subset of U containing at least two points. For any z1, z2 €
K, define the turning of K about z; and z, by:

A(K: 21, 22) = diam(K)/|z1 — 22|,

where diam(-) is the Euclidean diameter. It is obvious that 1 < A(K;z1,22) < oo and
A(K; z1,z2) = oo if and only if z; = z,.

Lemma 6.1. For i € {1,2}, let (V;,U;) be a pair of hyperbolic disks in C with U; C V;.
g : Vi = Va is a proper holomorphic map of degree d, and U\ is a component of g N (Uy).
Suppose mod(Vo \ Up) > m > 0. Then,

1. (Shape distortion) There is a constant C(d, m) > 0 such that for all z € Uy,

Shape(Uy, z) < C(d, m)Shape(Uz, g(2)).

2. (Turning distortion) There is a constant D(d, m) > 0 such that for any connected and com-
pact subset K of Uy with #K > 2 and any 71,72 € K,

A(K;z1,22) < D(d,m)A(g(K): g(z1), g(22)).

Proof. A complete proof of 1 can be found in [30], Theorem 2.3.2. In the following, we
prove 2. We assume that g(z1) # g(z2). Otherwise, A(g(K); g(z1), g(z2)) = 0o, and the con-
clusion follows. Let p(x, y) be the hyperbolic distance in V>, and let By, B, be two hyperbolic
disks both centered at g(z1), with radii max;ecg(x) 0(g(z1), ¢) and p(g(z1), g(z2)), respectively.
Let ¢ : Vo, — D be the Riemann mapping with ¢(g(z1)) =0, and let W = ¢(U,). Because
mod(D \ W) = mod(V» \ U>) > m, we conclude by the Grotzsch Theorem that there is a con-
stant r(m) € (0, 1) such that W C D, (;,); here, we use D, to denote the disk {z; |z| <r}.

Note that ¢ (B1), ¢(B2) are two round disks, say Dr and D,, centered at 0. Based on Koebe
distortion, there exist three constants Cy(m), Co(m), C3(m) > 0 such that

Shape(B1, g(z1)) < C1(m),  Shape(Bs, g(z1)) < Ca(m),

R/r < C3(m) . lgz) — ¢]/|g(z1) — g(z2)| < C3(m)A(g(K); g(z21), g(22)).

For i € {1,2}, let W; be the component of g~!(B;) that contains z1. Based on the Maximum
Principle, W, and W, are simply connected. We may assume that K C W (otherwise, we can
replace B by B, a hyperbolic disk centered at g(z1) with radius € 4+ max;eg(x) £(g(21), ¢),
where ¢ is a small positive constant and then let € — 0%). Thus, diam(K) < diam(W;) <
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2sup;cyw, 1¢ — z1l|. Consider the location of z», which by the Maximum Principle is either

z2€dWror zp € Ur \ W». In either case, |z1 — 22| > infcow, 1€ — z1]. Thus, by Shape dis-
tortion,

A(K;z1,22) <2 sup ¢ —zi]/ inf |¢ —zi]
ceaw, redW,

= 2Shape(W1, z1)Shape(W2, z1) Q(W1, W2, z1)
< Ci(d, m)Shape(By, g(z1))Shape(Ba, g(z1)) Q(Wi, Wa, z1)
< Cd, m)Q (Wi, Wa, z1)

where Q (W1, Wa, z1) = infreaw, [€ — 211/ SUP; caw, |¢ —z1]. To finish, in the following we show
that there is a constant c(m) > 0 such that

Q(W1, Wa, z1) < c(m)A(g(K): g(z1), 8(22)).

In fact, we only need to consider the case Q(Wy, W, z1) > 1. In this case, the annulus Wy \
W3 contains the round annulus {w € C; sup,cayw, [¢ — 21| < |w — z1| < infreaw, [€ — z1]}. It
turns out that

1 — — 1 R
—log Q(W1, W, z1) <mod(W; \ W3) <mod(B \ B2) = — log —
2 2 r

1
< glog(C}(m)A(g(K); g(21), g(z2))).

The conclusion follows. O

Proof of Proposition 6.1. By replacing f with f*, we assume zg is a fixed point of f. Based
on quasi-conformal surgery, we assume z is a superattracting fixed point with local degree d =
deg(f : B— B) > 2. Thus, B contains no critical points other than zo. By Mobius conjugation,
we assume zg = 00.

Because f satisfies the BD condition on d B, there exists a constant § > 0 such that for any
u € 9B, any integer m > 0 and any component U,, («) of f~"(B(u, §)) that intersects with 9B,
U, (u) is simply connected and deg(f™ : U, (u) — B(u,§)) < D. In fact, we can choose § as
the Lebesgue number of the family F = {B(u, ¢,); u € 9B}, which is an open covering of the
boundary 9 B.

The proof consists of four steps, as follows:

Step 1. Let V,,(z) be the component of f~"(B(z,8/2)) contained in U,,(z) and intersecting
with 0B, then

lim sup diam(V,,(z)) =0.

Mm—00,c9B

Otherwise, there is a constant dyp > 0 and two sequences {zx} C dB and {{;} such that
diam(Vy, (zk)) = do. For every k > 1, choose a point yx € % (z) N Ve, (zk). By passing to
a subsequence, we assume y; — Yoo € 0B and 7y — 7o € 0 B. Based on Lemma 6.1, there is a
constant C (D) such that
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Shape (Vg (z), yk) < C(D)Shape(B(zx, 8/2), zx) = C(D).

Because diam(Vy, (zx)) = do, Vi, (zx) contains a round disk of definite size centered
at yx. Therefore, there is a constant ro = ro(dp, D) such that Vp, (zx) D B(yoo,r0) for
large k. Therefore, % (B(yoo,70)) C B(zk,8/2) C B(zoo,8). But, this contradicts the fact that
F%(B(yoo, 10)) D J(f) when k is large.

Step 2. There are two constants L > 0 and v € (0, 1) such that for any z € 9B and any k > 1,
diam(Vj (z)) < L.

By Step 1, there is an integer s > O such that diam(V(z)) < §/4 for all z € dB. For each
x € B, we take a point x, € Vis(x) N f7%(x). (Notice that, in general, Vis(x) N £ (x)
consists of finitely many points, xis can be either of them.) For 0 < j <k, letx;; = f *=1)8 (xz5)
and U; be the component of f~ Is (B(x(—j)s,»8/2)) containing xis. Then,

Xis € Vis(x) = Ui C-+- CUp = B(xgs,8/2).

For every 1 < j <k, f/5: U;j — B(x(—j)s,8/2) is a proper map of degree < D. Because
f”(U.,H) is contained in B(x(— js, 8/4),

! V3TV ARy logZ

mod(U; \ Uj11) > —mod(B(x(k s 8D\ FI(Uj11)) = <ty
. klog?2

mod(B(xie.5/2\ Vi) > Y modW; \ Ujn) > 5o

0< j <k

We know from the proof of Step 1 that Shape(Vi(x), xxs) < C(D). Therefore, there is a
constant K (D) > 0 such that minyejv,, (x) |Xks — y| = K (D)diam(Vi,(x)). We have

1 1)
mod (B (xxs, 8/2) \ Vis(x)) < 5 10g<2K(D)diam(Vks(x))>'

It turns out that diam (Vi (x)) < %(D)

0 and v € (0, 1) such that diam(V (x)) < Lv* forall k > 1

Step 3. There exists a sequence of Jordan curves {yy : S — B} such that y; converges uni-
formly to a continuous and surjective map v : S — 0B, where S = R/Z is the unit circle.
Hence, 0B is locally connected.

Recall that the Bottcher map ¢ : B — C \ D defined by ¢(2) = limkﬁoo(.f)f‘ (z))dﬁk is a con-
formal isomorphism, which satisfies ¢~ (r?e?7i4) = f (¢~ (re?™i")) for (r, 1) € (1, +00) x S.
Let £(R, 1) = ¢ " ([VR, R1e*™ ") for (R, 1) € (1,2) xS. By the boundary behavior of hyperbolic
metric, there is a constant C > 0 such that for any(R, t) € (1,2) x S,

27%/D which implies that there are two constants L >

Eucl.length(¢(R, 1)) < CHyper.length(¢(R, 1)) - H.dist(¢ ' (RS), 3 B)
< C(logd)H.dist(¢'(RS),dB) (—0asR— 1),
where Hyper.length is the hyperbolic length in B and H.dist is the Hausdorff distance in the

sphere C. Thus, we can choose R sufficiently close to 1 such that for any ¢ € S, £(R,?) C
B(z,8/2) for some z € dB. For k > 0, define a curve y, : S — B by y(¢t) = ¢>’1(R1/dke2””).
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Because fX(yi4q(1)) = y,(d¥t) for g > 0 and yo(d*t), y1(d*t) € €(R,d*t) C B(z,8/2) for
some z € d B, we conclude that 4 (f) and 41 (¢) lie in the same component of f_k (B(z,68/2))
that intersect with 9 B. Based on Step 2,

T?Eaéﬁ}ykﬂ(t) — ()| = @(vk).

So {yx : S — B} is a Cauchy sequence and hence converges to a continuous map Yoo : S — 9B.

To finish, we show y is surjective. Let By C B be the disk bounded by 4 (S); then By &
Bi+1 and |, By = B. Each point z € 3 B can therefore be approximated by a sequence of points
{zk = vk (&) }k>1 with zx € 9 By. There is a subsequence k; such that fk; = too € S as j — oo.
We then have Yoo (foo) = lim; yi ; (too) =lim; yi ; (t j) = z. It follows that Yy is surjective.

Step 4. If, furthermore, 0B is a Jordan curve, then 9 B is a quasi-circle.

Because 9B is a Jordan curve, the Bottcher map ¢ : B — C \ I can be extended to a home-
omorphism ¢ : B — C \ D. Define a map v : S — 9B by ¥(¢) = ¢~ (¢) for ¢ € S. Then
FOW (@) =¥ (c?). Let ¢ = ¢|p be the inverse of . Both ¥ and ¢ are uniformly continuous;
thus, for any sufficiently small positive number ¢, there are two small constants a(¢), b(¢) such
that

V(¢1,6) €S XS, 61—l <ale) = |v @) —v(@)|<e,
V(z1,22) €9B x 9B, 21 —22l<ble) = |p@)—e@)| <a(e).

Given two_poiEts 71,22 € 0B, OB\ {z1, z2} consists of two components, say £ and E;. Let
L(z1,22) € {E1, E2} be a section of d B such that diam(L(z1, z2)) = min{diam(E1), diam(E>)}.
Thus, for any positive number ¢ < diam(d B), by uniform continuity we have

lz1 —z22l <b(e) = diam(L(z1,22)) <e. (1)

Based on Alhfors’ characterization of quasi-circles [1], to prove that 9B is a quasi-circle,
it suffices to show that there is a constant C > 0 such that for any z;,z» € 0B with z1 #
72, A(L(z1,22);21,22) < C. In fact, if |71 — 23] > € for some positive constant €, then
A(L(z1,22); 21, 22) < diam(d B)/e. Therefore, we only need to consider the case when |71 — 23|
is small. In the following, we assume § < diam(dB) and |z; — z2| < b(§/2); it turns out that
diam(L(z1, 22)) < §/2.

Because f is expanding on d B, there is an integer N > 0 such that FR(L(z1, 22)) = 3B for
all k > N. We can therefore find a smallest integer ¢ > 0 such that

diam(f“(L(z1.22))) <8/2,  diam(f“!(L(z1,22))) = 8/2.
On the other hand, there exist two points w1, wy € f @(L(z 1, 22)) such that
diam(F (L(z1.20))) = | Fwn) — fwn)| < [ 17/ Idz]

[wi,wz]

< Mwy — wa| < Mdiam(£%(L(z1, 22))),

where [w1, wy] is the straight segment connecting w1 with w, and
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M = max{| f'(z)|; Eucl.dist(z, dB) < 8/2}.

Thus, we have

) I}
o7 < diam(f¢(L(z1, 22))) = diam(L(f*(z1), f*(z2))) < 5

By (1), there is a constant c(8, M) > 0 such that | f¢(z1) — f%(z2)| > (8, M).

Applying Lemma 6.1 to the situation (Vi,U;) = (Ue(f4(z1)), Ve(f4(z1))), (Va,Up) =
(B(f%(z1),8), B(f*(z1),8/2)) and g = f*, we conclude that there is a constant C (D) > 0 such
that

) ¢ . gl 4 ﬂ
A(L(z1,22)5 21,22) S CD)A(fH(L(z1, 22))s [z, fH(z2) < 2c(8, M)’

Thus, for any x, y € 9 B with x # y, the turning A(L(x, y); x, ¥) is bounded by

diam(3B) C(D)s
{ b(8/2) ’26(5,M)}'

Remark 6.1. Using the same argument as [4], one can show further that if f satisfies BD condi-
tion on d B, then 9 B is a John domain.

The following describes an important case in which f satisfies the BD condition on 9 B.

Proposition 6.2. If #(P(f) N dB) < oo and all periodic points in P(f) N dB are repelling,
then f satisfies BD condition on 0 B.

Proof. The proof is based on the following claim.

Claim. For any u € 9B, there is a constant &, > 0 such that for any m > 0 and any component
Un) of f~"™(B(u,&,)) that intersects with OB, U,,(u) contains at most one critical point

of f™.

The claim implies that U,,(«) is simply connected by the Riemann—-Hurwitz formula. Be-
cause the sequence U, (u) = f(Up(u)) — -+ — fm_l(Um (u)) — B(u, &,) meets every crit-
ical point of f at most once, we conclude that deg(f™ : U,,(u) — B(u, ¢,)) is bounded by
D =[].cc(s) deg(f. o).

In the following, we prove the claim.

First, note that every point in P(f) N dB is pre-periodic; we can deconstruct d B into three
disjoint sets X, Y and Z, where X = dB \ P(f), Z is the union of all repelling cycles in P(f) N
oBandY =(P(f)NadB)\ Z.

For any x € X, choose a small number &, > 0 such that B(x, e,) N P(f) = @. Then, for
any component W, (x) of f~™(B(x, &y)) intersecting with 9B, f™ : W,,(x) = B(x, &) is a
conformal map.

The set Y consists of all strictly pre-periodic points. Thus, there is an integer ¢ > 1 such
that forany y € Y, f~9(y) N P(f) N 9B = @. For an open set U in Cand a point u € U, we
use Comp,, (U) to denote the component of U that contains u. For every y € Y, choose &y > 0
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small enough such that for any x € f79(y) N 9B C X, Comp, (f~9(B(y,&y))) C B(x, &) and
Comp, (f9(B(y, €y))) contain at most one critical point of f9.

Finally, we deal with Z. For z € Z, suppose z lies in a repelling cycle of period p. Choose
&; > 0 such that

(1) B(z, &;) is contained in the linearizable neighborhood of z and Comp, (f~7(B(z, €;))) is
a subset of B(z, &;).

(2)Foreveryu e (f~P(z)NaB)\{z} C XUY, Comp,(f?(B(z,&;))) contains at most one
critical point of f? and Comp,,(f 7 (B(z,¢;))) C B(u, &,).

One can easily verify that the collection of neighborhoods {B(u, ¢,), u € 9B} are just as
required. O

Corollary 6.1. If f is critically finite, then f satisfies the BD condition on 0 B.

Proof. Because f is critically finite, every periodic point of f is either repelling or superattract-
ing, which implies that #(P(f) N dB) < oo and all periodic points in P(f) N d B are repelling.
Thus, by Proposition 6.2, f satisfies the BD conditionon dB8. O

7. The boundary d B, is a Jordan curve

In this section, we will prove Theorem 1.1 and Theorem 1.2. The strategy of the proof is as
follows.

First, consider the McMullen maps f with parameter A € H. If f; is critically finite, then the
Julia set is locally connected. Otherwise, by Proposition 4.1, we can find an admissible graph
G, (61, ...,0xN). With respect to the Yoccoz puzzle induced by this graph, there are two possibil-
1ties:

Case 1. None of T'(c) with ¢ € C,, is periodic. This case is discussed in Section 7.1, and the
local connectivity of J(f3) follows from Proposition 7.1. The idea of the proof is based on
the combinatorial analysis for tableaux introduced by Branner and Hubbard (see [2,21]) and on
‘modified puzzle piece’ techniques.

Case 2. Some T (c) with ¢ € C;, is periodic. In this case, the map f; is either renormalizable or
s-renormalizable. This case is discussed in Section 7.2. The local connectivity of dB; follows
from Proposition 7.2. The goal of the proof of Proposition 7.2 is to construct a closed curve
separating d B, from the small filled Julia set K.

In Section 7.3, we deal with the real parameters A € RT.

In Section 7.4, we improve the regularity of the boundary dB;. We first include a proof of
Devaney that claims that the local connectivity of d B, implies that d B, is a Jordan curve. We
then show that d B, is a quasi-circle except in two specific cases.

In Section 7.5, we present some corollaries.
7.1. None of T (c) with c € C), is periodic

Recall that Jj is the set of all points on the Julia set J( f;,) whose orbits eventually meet the
graph G, (01, ...,0N).
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Lemma 7.1. Let z € J(f;) \ Jo. If T (2) is non-critical, then End(z) := ﬂd>0 P;(z) ={z}.

Proof. It suffices to prove End( f3(z)) = { f1(z)}. Because T (z) is non-critical, there is an integer
do = 1 such that for any j > 0, the position (do, j) is not critical. Equivalently, for any d > do

and any j > 1, the puzzle piece P;( f;\ (z)) contains no critical point. Let {P() jand 1 <

M} be the collection of all modified puzzle pieces of depth dyp — 1, numbered so that P(l) | =
Pdo 1(v/\ ), PO) | = Pdo 1(v,)), and recall that we use Pd(w) to denote the modified puzzle
piece of Pd(w) Every modified puzzle piece of depth > dy is contained in a unique modified
puzzle piece 13;:))_ | of depth dy — 1. Let dist; (x, y) be the Poincaré metric of 13;('))_1 For2 <i <
M, there are exactly 2n branches of fx_l on 13;(1;)_1, say g’i, gé, e, gén, and each g,i on 13;(;)_1 is

univalent and carries f’ég‘) S 13;:))71 onto a proper subset of some ﬁ;g 11. It follows that there is a
uniform constant 0 < v < 1 such that

dist; (g} (x), g4 () < vdist; (x, y)

forany x,y € f’;:) S f’é(’)ll andany 2 <i < M, 1 <k <2n.
Let D be the maximum Poincaré diameters of the modified puzzle pieces of depth dy. For any
integer h > 0, because the sequence

Puaysn (£.(2)) = Pagsn—1(f2@) = -+ = Paps1 (f12) = Pao(f7(2))

contains no critical point (this follows from the assumption that 7 (z) is non-critical), it follows
that

Hyper.diam(Pyy+r(f1(2))) < DV"
with respect to the Poincaré metric of f’do_l (£5.(2)). Thus, we have End(f3(z)) ={fi(z)}. O

Proposition 7.1. If T (c) is not periodic for any c € C,, then the Julia set J(f5) is locally con-
nected.

Proof. Note that 7' (c) is either critical or non-critical. First, we prove End(c) = {c} and End(z) =
{z} for any z € J(f3) \ Jo. We then deal with the points that lie in Jp.

Case 1. T(c) is critical. Because the graph is admissible, we can find a non-degenerate an-
nulus Ay, (c). Consider the descendents of Row.(dp). It is obvious that if Row,(?) is a de-
scendent in the k-th generation of Row.(dp), the annulus A,;(c) is non-degenerate with mod-
ulus mod(Ag,(c))/ 2% If Row,(dp) has at least 2% descendents in the k-th generation for each
k > 1, then each of these contributes exactly mod(Ag,(c)) /2% to the sum > gmod(Ay(c)).
Hence, ), mod(A4(c)) = oo, as required. On the other hand, if there are fewer descendents
in some generation, then one of them, say Row.(m), must be an only child, hence excellent by
Lemma 4.7. Again by Lemma 4.7, we see that ), mod(A4(c)) = oc. Therefore, in either case,
End(c) = {c}.

Now consider a point z € J(f3) \ (Jo U Cy). If T(z) is non-critical, then by Lemma 7.1,
End(z) = {z}. If T(2) is critical, then for each d > 1, there is a smallest integer /; > 0 such
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that both (d, Ls) and (d, 1y + 1) are critical positions. It follows that 14 : Agys,(z) — Aa(c))
is a conformal map for some ¢’ € Cy. In this case, ), mod(A4(z)) > >, mod(Ag4,(2)) =
Y gmod(Ay(c)) = oo, hence End(z) = {z}.

Case 2. T(c) is non-critical. It follows from Lemma 7.1 that End(c) = {c}. For z € J(f,) \
(Jo U C,), we assume T (z) is critical; otherwise, End(z) = {z} based on Lemma 7.1. Suppose
Ay, (c) is a non-degenerate annulus and (dp + 1,11), (do + 1, 12), ... are all critical positions in
the (dp + 1)-th row of the tableau 7' (z). Because all tableaux T (¢) with ¢ € C;, are non-critical,
there is a constant D such that deg(fi" : Pyy+1, () = Py, (z)) < D forall k > 1. Thus,

mod(Agy+1,()) = D™ 'mod(Ag,(c))
forall k > 1. Hence, ), mod(A4(z)) > Y, mod(Ag,+, (z)) = oo and End(z) = {z}.

Points that lie in Jy. For any z € Jy, the orbit z — f;(2) — ff(z) — --- eventually meets
the graph G, (01, ..., 6n). Therefore, the Euclidean distance between the critical set C; and the
orbit { f){‘ (2)}x>0 is bounded below by some positive number €(z). In addition, for every d large
enough, z lies in the common boundary of exactly two puzzle pieces of depth d. We denote these
two puzzle pieces by P;(z) and P} (z). In the previous argument, we have already proved that
End(c) = {c}; this implies Eucl.diam(P;(c)) — 0 as d — oco. Choose a d large enough such
that

Eucl.diam( Py, (c)) < €(z) < Eucl.dist(Cy, {f){c (Z)}kgo)'

Then, the orbit z — f;(2) — ff(z) > --- avoids all the critical puzzle pieces of depth dy. Let
P3(z) = Pj(z) U P](z) for d large enough. Then, the proof of Lemma 7.1 applies equally well

to this situation, and ("), P (z) = {z} immediately follows.
Connectivity of neighborhoods. Let

P { Pi@), ifzeJ(f)\ Jo.

d Pi(z) U P} (2), ifze Jyandd is large.
Based on Lemma 4.2, for every z € J(f;) and every large integer d, the intersection Pj(z) N
J(f>) is a connected and compact subset of J(f3). Thus, {P(;k (z) N J(f>.)} forms a basis of con-
nected neighborhoods of z. Because ﬂ(Pd* (z) N J(f)) = {z}, the Julia set is locally connected
at z. Note that z is arbitrarily chosen, we conclude that J(f3) is locally connected. O

7.2. Some T (c) with ¢ € C), is periodic

Suppose some tableau 7 (c) with ¢ € C, is k-periodic for some k > 0. Based on the
proof of Lemma 5.1, f is either k-renormalizable at ¢ or k/2-x-renormalizable at c. Let
(ef), Pay+p(c), Pay(c)), where dj is a large integer, be the renormalization and

(1,k), if f; is k-renormalizable at c,

(e,p)= { (—=1,k/2), if f3 is k/2-x-renormalizable at c.
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The small filled Julia set of the renormalization (e f)f’ s Paytp(€), Pyy(c)) is denoted by K. Recall
that B, is the B-fixed point of the renormalization and B, is the other preimage of 8. under the
map €f; | py . p)-

Assume now that K. N d B, # @; then, based on Lemma 5.3, 8. € K. N 9B, and there is a
unique external ray, say R, (@), landing at 8.. The angle 6 is of the form ﬁ It follows that
Bl € K.N3T) and there is a unique radial ray R7, () in Tj, landing at B... The radial ray Ry, ()
satisfies £, (Rr, (@p)) = Ry.(6). Let

K =K UR;,(0) URT, (a9) U (—Ke) U (=Ri(0)) U (—Rr, (o))

The set K is a connected and compact subset of C. Note that —R7, (0p) = Rt (0t + 1/2).
Let A be the component of @\ (KU B_)\) that intersects with Qr, (ag, g + 1/2) and A, be the
component of C\ (K U B,) that intersects with Or, (ap +1/2, ap), where we use Qr, (61, 62) to
denote the set {¢; (re?@ity; 0 <r <1, 6; <t <6,}. Because K U B, is connected and compact,
both A and A are disks. Let Z; be the component of C \ K that contains A;.

The aim of this section is to prove:

Proposition 7.2. Assume that K. N 9B, # @, then for i € {1,2}, there is a curve L; C A; U
{0} stemming from T, and converging to B.. More precisely, L; can be parameterized as L; :
[0, +00) — A; U{0} such that L;(0) =0, L; ((0, 400)) C A; and lim;_, 4 L; (t) = B¢ (Fig. 13).

Proof. Let I" = UDO(:I:fAj(KC U m)). By Lemma 5.3, any two distinct elements in the set
{j:f}‘L/(KC U R;.(6)); j > 0} intersect only at the point oo, which implies that U = C\Tlisa
disk.

Step 1. There exists G; : U — U N Z;, an inverse branch of € ff such that the sequence
{Gi; 1 > 0} converges locally and uniformly in U to a constant z; € K.

Because U has no intersection with the post-critical set of f, its preimage fx_] (U) has ex-
actly 2n components, say Vi, ..., V»,. These components are arranged symmetrically about the
origin under the rotation z > ¢™//"z. For every 1 < j < 2n, f : V; — U is a conformal map.
Moreover, fk_l(U) cC \ K.

For 1 <j<p—1,let 2 €{Vi,..., Va,} be the component of fA_l(U) such that £2; N
f){ (Kc) # ¥ and the inverse of fj : §2; — U is denoted by g;. For j =0, let .Qé be the compo-

nent of f/\_l(U) such that .{26 N K. # @ and 526 C Z;. The inverse of f} : .(26 — U 1is denoted by
gl fori e {1,2}.
Now, we define

ghogio---ogy_1(€2), zeU ifp=2,
G =" ? .
gol€z), zeU if p=1.

Because (ef{, Pgy1p(c), Pyy(c)) is a p-(x-)renormalization of f at c, we have G;(Pg,(c) N
U) C Pyy+p(c)NZ;. Themap G; : U — U is not surjective; thus, by the Denjoy—Wolff theorem
(see [20]), the sequence {Gﬁ; I > 0} converges locally and uniformly in U to a constant z;. It
follows from G; (Py,(c) NU) C Pgyyp(c) N Z; that z; € K.

Step 2. There exists a curve C; C U N (A; U{0}) connecting 0 with G;(0) fori € {1, 2}.



2570 W. Qiu et al. / Advances in Mathematics 229 (2012) 2525-2577

Fig. 13. Constructing two curves L and L, that converge to ., here n = 3 and f), is 1-renormalizable at ¢ = cg.

Because the graph G, (61, ..., 0y) is admissible, the filled Julia set K, is disjointed from the
boundary of any puzzle piece. Thus, for any « € {t¥(6;); 1 < j < N, s >0}, I' is disjoint
from the cut ray £27 outside oo. (This is because the external ray R;(f) has no intersection
with g,(61,...,6n) outside co; compare Lemma 5.3.) By Proposition 4.2, for any angle o €
{°;); 1<j <N, s>0}and any map g € {gé, g(%, g1,--->&p—1), only one curve of g(wf \
{o0}), g(a)fH/ 2 \ {o0}) intersects with d B;,, and the other curve connects 0 with a preimage of 0.

Fix an angle @ € {t°(0;); 1< j <N, s > 0}; we define a curve family F by

F= {ewﬁ‘\{oo}; € =1and ew? C U Sj}.
je\{0.n)

We construct the curve C; by an inductive procedure, as follows:

First, choose a curve ¢,_1 € F such that g,,_1({p—1) N By =V andlet y,_1 =gp_1(¢p—1).
Suppose that for some 2 < j < p — 1 we have already constructed the curves y,_1,..., ¥;.
We then choose ;1 € F such that g;_1({j—1) N 0B, =Wand ¢;_1 Ny; =0 and let y;_| =
gj—1(¢j—1 Uy;). In this way, we can construct a sequence of curves y,_1, ¥p—2, ..., ¥2, V1 Step
by step, and each curve has no intersection with d B . These curves connect O with some iterated
preimage of 0. By construction,

Y= U gro---0g;(g;).

I<jsp-1

We now choose ;‘6 € F such that gé(;‘é) NJdB, =0 and ;‘6 Ny1 =, and let

[eh@uy o) ifp=2,
Tleehuon  dtp=t.
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The curve C; connects 0 to G;(0) and C; C U N (A; U{0}), as required.

Step 3. The union L; = UJ->0 Gl{ (Cy) is the curve contained in A; U{0} and converging to B..

By construction, G;(£;) C G;(L;)UC; = L; and L; \ {0} C A;.

To finish, we show L; converges to 8.. By step 1, the sequence {G;‘; k > 0} converges uni-
formly on any compact subset of U to a constant z; € K. Because C; is a compact subset of U,
the curve £; converges to z; € K. and G;(z;) = z;. Because epr(Ei) D L;, we conclude z; = B,
by Lemma5.2. O

Corollary 7.1. If T (c) is periodic for some c € C;, then B, is locally connected.

Proof. We can assume that f; is not geometrically finite; otherwise, the Julia set is locally
connected (see [29]). Thus, f; has no parabolic point.

If K. N 9B, =0, then for all j > 0, f)f (K:) N9B) = @. Because P(f;) is a subset of
(U,;of,\] (£ /1 (K.))) U {oo}, we conclude P(f;,) N aB;, = @. Based on Proposition 6.1 and
Proposition 6.2, d B, is locally connected.

If K. N 3B, # @, then by Proposition 7.2, the closed curve £ = L1 U L, U {B.} separates
K¢\ {Bc} from 3B, \ {B.}. In this case, forall j >0, £ (K.)NdBx = {f; (Bc)}. Thus, #(P ()N
dB,) < 00, and all periodic points in P(f) N dB,, are repelling. Again by Proposition 6.1 and
Proposition 6.2, d B, is locally connected. O

7.3. Real case

In this section, we will deal with real parameters. Due to the symmetry of the parameter plane,
we only need to consider A € R = (0, +00). In this case, the Julia set J(f;) is symmetric about
the real axis. If C, C A, by ‘The Escape Trichotomy’ (Theorem 2.1), the Julia set J(f3) is
either a Cantor set, a Cantor set of circles or a Sierpinski curve. In the latter two cases, the local
connectivity of 9 By, is already known. In the following discussion, we assume C; N A, = .

Lemma 7.2. Suppose A € Rt and C, N A; =0, then, fo. is 1-renormalizable at cy = X/

Proof. Let U be the interior of (So U S_(,—1)) \{z€ By UTy; Gy(z) =1} and V = C \ ({z e
By; Gi(z) 2 n}U[—00, v, ]). One can easily verify that f : U — V is a quadratic-like map.
Because C; N A, = @, the critical orbit { f/\k (co); k > 0} is contained in U N R*. This implies
that (f,, U, V) is a 1-renormalization of f; atcg. O

Let K¢y = ﬂk>0 fk_k(U ) be the small filled Julia set of the renormalization (f3, U, V), B,
be the B-fixed point and ﬂéo be the preimage of B, . It is easy to check that K., is symmetric
about the real axis and K., N R" is a connected and closed interval.

Proposition 7.3. K., N dB;, = {B¢,}-

Proof. As with the proof of Proposition 7.2, the idea of the proof is to construct a Jordan curve C
that separates K, \ {Bc,} from d By \ {B¢,}.

We first show that B, is the landing point of the zero external ray R; (0). Note that rational
external rays (i.e., external rays with a rational angle) always land. Let z( be the landing point of
R;.(0). Obviously, R; (0) C R and z is a fixed point of f;, which implies that zo € U NR™, and
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the orbit of zg does not escape from U. Therefore, zg € K,. Because R, (0) is an fj-invariant
ray that lands at z, we conclude zg = B, based on Lemma 5.2.

Let K = K¢, U [B¢,, +00] U (—=K¢,) U [—00, =B ]. One can easily verify f[](K) =
U2 @(Key U [0, +00]). The set ¥ = C\ K is a disk, and its preimage fk_l(Y) consists
of 2n components that are symmetric about the origin under the rotation z — ¢/™/"z. For each
component X of fk_l(Y ), fo.: X = Y is a conformal map. Let X be the component of fA_I(Y )
that is contained in Sp and g be the inverse map of f) : Xo — Y. Based on the Denjoy—Wolff
theorem, the sequence of maps {g*; k > 0} converges locally and uniformly in Y to a constant,
say x. Because g(Y N V) C XoNU, we conclude x € K.

Let A be the component of C \ (B; U K¢y U (=K¢,) UR) that intersects with T and lies in
the upper half plane.

Claim. There is a path L C A U {0} stemming from T, and converging to B.,. More precisely,
L can be parameterized as L : [0, +00) — A U {0} such that £(0) =0, L((0, +o0)) C A and
limt—>+oo E([) = ;Bc‘(y

Let po = X/—A be the preimage of 0 that lies in Sy and yp = [0, po] be the segment connecting
0 with pg. Then, yp N (K¢, U3 B;) = . Indeed, yp N K, = ¥ follows from the fact that f; (yp) N
K. CiRN K¢, =#. In the following, we show that yp N d B, = @. It suffices to show that
B, N D =@, where D ={z € C; |z] < ¥/A}. Otherwise, B, N D # ¢} implies By N 3D # (.
Because ¢ : 7z — U /z maps B, onto T) and the restriction ¢|yp is the identity map, we have
By, NoD =¢(B,NAdD) =T, NdD.But this implies B, N T # @, contradiction.

Note that g maps yp outside D and g(yp) connects py with a preimage of pg that lies inside
So. Let £ = U,@O g*(0). By construction, £ N (K¢ UdBy) =0, and L converges to x € K.
Because fi (L) = LU fi(y) D L, we conclude x = B, based on Lemma 5.2.

Let C=LUL*U{B}, where L* ={z; z € L}. C is a Jordan curve separating K., \ {B¢,}
from 9 B;, \ {B¢,}. The conclusion follows. O

Remark 7.1. Based on the proof of Proposition 7.3, we conclude
0By NR = {£PB}, KCODRz[ﬂQO,ﬂCO], aT) ﬂR:{:I:ﬂéo}.

Corollary 7.2. Suppose » € RY and Cy N Ay = §; then, 3By, is locally connected.
Proof. By Proposition 7.3, if n is odd, then P(f3) Nd By C (=K, UK)) NOBy, C {£P¢,};if nis
even, then P(f;)N0B; C Ko, NOBy C{Be,}. If B, is a parabolic point, then f; is geometrically
finite, and the local connectivity of d B), follows from [29]. Otherwise, based on Propositions 6.1
and 6.2, 9 B;, is also locally connected. O
7.4. Local connectivity implies higher regularity

At this point, we have already proven that d B) is locally connected if the Julia set is not a
Cantor set. Based on the arguments of Devaney [5], we prove the following proposition, which

will lead to Theorem 1.1.

Proposition 7.4. If 9 B), is locally connected, then 9 B), is a Jordan curve.
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Proof. Let Wy be the component of C - B, containing 0. It is obvious that 9Wy C 9B;, Ty C
Wo, 8T, C Wy. Based on Lemma 2.1, ¢/ Wy = W.

Recall that H, (z) = {Z/X/z, so Hy, (0Wy) C Hy(8B;) = dT,. C Wy. Because 9By, is locally
connected, d Wy is locally connected. It follows that C — Wy is connected and H;, (C —Wo) C Wo.

Now, we show that f[l 0) C Wy. If not, f[] ((OXa (@ — Wo) # (). Based on the symmetry
of £,71(0) and C — Wy, we have f,"'(0)  C — Wy. This will contradict the fact that £, (0) =
H,.(f;'(0)) € Hy(C — Wo) C Wo.

Because no point on d Wy can be mapped into Wy, we have f{] (Wp) C Wy and f;] (Wo) C
W. Take a point z € dWo; we have dB;, C J(f3) = Uk>0 fk_k (z) C Wo and 3B, C dW,. There-
fore, oWy = 0B,.

Now, we show that d B), is a Jordan curve. If two different external rays, say R, (t1) and R, (#2),
land at the same point p € dB;, then R, (¢1) U R, (t2) decomposes 9 B, into two parts. It turns
out that d Wy # 9 B, which is a contradiction. O

The aim of this section is to prove Theorem 1.3, as follows:

Proof of Theorem 1.3. By Theorem 1.1 and Proposition 6.1, it suffices to show that f; satisfies
the BD condition on 9 B, First, we deal with three special cases:

Case 1. The critical orbit escapes to infinity.
Case 2. The parameter A € RT and 9 By, contains no parabolic point.
Case 3. The map f; is critically finite.

In Case 1, P(f)) N 9B, = @. Based on Proposition 6.2, f, satisfies the BD condition on 9 B;.
For Case 2, by Proposition 7.3, either P(f))NdB, =W or P(f,)NIB), ={B:}or P(fo)NdB) =
{£B.}. In either case, B, is a repelling fixed point of f;. By Proposition 6.1, f; satisfies the BD
condition on 9 B;,. For Case 3, fj satisfies the BD condition on d B, by Corollary 6.2.

In the remaining cases, we can use the Yoccoz puzzle to study the higher regularity of 9B, .
There are two remaining cases:

Case 4. 0 B), contains no critical point.
Case 5. C) C 9B; and all critical points in C;,_ are non-recurrent.

In either case, by Proposition 4.1, we can find an admissible graph G, (61, ...,60y). With
respect to the Yoccoz puzzle induced by this graph, we consider the critical tableaux. For Case 4,
there are two possibilities:

Case 4.1. Some T (c) with ¢ € C), is periodic.
Case 4.2. No T (c) with ¢ € C, is periodic.
For Case 4.1, we conclude from Proposition 7.2 that #(P(f3) N dB)) < co. Because 9B,

contains no parabolic point, all periodic points in P(f;) N d B, are repelling. Thus, based on
Proposition 6.2, f; satisfies the BD condition on 9 B;,.
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For Case 4.2, we have already shown that End(c) =), >0 P4(c) ={c} for ¢ € Cj,_in the proof
of Proposition 7.1. Thus, we can choose a dy large enough such that

Eucl.diam(Py,(c)) < Eucl.dist(c, 3B;.).

For d > dj, let U, be the union of all puzzle pieces of depth d that intersect with d By and V,; be
the interior of Uy. For every u € 9By, there is a number &, > 0 such that B(u, &,) C Vy,. For any
m > 0 and any component Uy, (u) of f, " (B(u,¢,)) intersecting with 3By, Uy, () C Vgyym C
Va,- By the choice of dp, the sequence U, (u) — -+ — )’\"*] (U (u)) — B(u, &,) meets no
critical point of f;; thus, f)t” :Up(u) — B(u, &) is a conformal map. Therefore, in this case, f;
satisfies the BD condition on 0 B;.

In the following, we deal with Case 5. Again, based on Proposition 7.1, End(c) = {c} for
¢ € Cy. Thus, in this case one can verify that d B) contains no recurrent critical point if and only
if all tableaux T (c) with ¢ € C,, are non-critical. Based on Lemma 5.1, f; is critically finite. It
follows from Corollary 6.1 that f; satisfies the BD condition on dB,. O

7.5. Corollaries
In this section, we present some corollaries of Theorem 1.1.

Proposition 7.5. If 9 B, contains a parabolic cycle, then the multiplier of the cycle is 1 and the
Julia set J(fy) contains a quasi-conformal copy of the quadratic Julia set of 7 +— z* + 1/4.

Proof. Suppose C = {zo, f1(z0),---» ff (zo) = zo} is a parabolic cycle on 9B;. We will first
consider the case & € RT, then deal with the case A € H.

First, suppose A € RT. By Lemma 7.2 and Proposition 7.3, f; is 1-renormalizable at ¢y and
P(fi)NoBy, C (=K UK)) NIB) = {£p.,}. Because a parabolic point must attract a critical
point, we conclude that S, is a parabolic fixed point of f;. Therefore, (f;,U, V) is quasi-
conformally conjugate to a quadratic polynomial z — z> 4 1 with a B-fixed point that is also a
parabolic point, thus p = 1/4. The conclusion follows in this case.

In the following, we deal with the case A € H. Based on Proposition 4.1, we can find an
admissible graph G; (61, ..., 0y). Based on Proposition 3.4, the parabolic cycle C avoids the
graph G, (61, ...,6x). With respect to the Yoccoz puzzle induced by this graph and with an
argument similar to that used to prove Corollary 5.1, we conclude that there is a critical point
¢ € C), and a point z € C such that P;(z) = P4(c) forall d > 0. Thus, the tableau T (c) is periodic.
Suppose the period of T (c) is k. It is obvious that k is a divisor of g. By Lemma 5.1, when dj is
large enough, the triple (€ f)f’ » Pay i p(0), Pgy(c)) is either a k-renormalization of fj at ¢ (in this
case, (€, p) = (1,k)) or a k/2-x-renormalization of f; at ¢ (in this case, (¢, p) = (—1,k/2)).
Moreover, the small filled Julia set K. = End(c) = ﬂd>0 P;(c)and z € K. N 9B;.

On the other hand, based on Lemma 5.3, there is a unique external ray R, (¢) landing at 8.,
which is the B-fixed point of the renormalization (e f/\p s Pgyqp(c), Pyy(c)). Note that we have
already proved that d By, is a Jordan curve; the intersection d By N P;(c) shrinks to a single point
as d — o0o. Thus, we have K. N dB; = {B.}. By the previous argument, 3, = z.

Based on the straightening theorem of Douady and Hubbard, (€ fkp s Pagp(€), Pyy(c)) is
quasi-conformally conjugate to a quadratic polynomial p,,(z) = z? + w in a neighborhood of the
small filled Julia set K. For this quadratic polynomial, the B-fixed point is also a parabolic point,
thus ;o = 1/4. Therefore, the Julia set J(f3) contains a quasi-conformal copy of the quadratic




W. Qiu et al. / Advances in Mathematics 229 (2012) 2525-2577 2575

Julia set of z > z> + 1/4. Because the multiplier of the parabolic point of z - z> 4 1/4 is 1, it
turns out that (ef)/(z) = 1, (ff)’(z) =land (f{)(x)=1. O

Proposition 7.6. Suppose f has no Siegal disk and the Julia set J(f)) is connected, then every
Fatou component is a Jordan domain.

Proof. By Proposition 7.4 and the fact that H, (B, ) = T, we conclude that both 7, and B, are
Jordan domains.

If the critical orbit tends to co, then the Julia set is a Sierpinski curve that is locally connected,
and all Fatou components are quasi-disks (by Proposition 6.1).

If the critical orbit remains bounded, then for any U € P \ {T,, B, }, there is a smallest integer
k > 1 such that f/\k : U — T, is a conformal map. Thus, if two radial rays Ry (01) and Ry (62)
land at the same point, then Rr, (61) = f){‘ (Ry(01)) and Rr, (62) = f){‘ (Ry (82)) also land at the
same point. This implies that U is also a Jordan domain. If there are other Fatou components,
then they are eventually mapped to a parabolic basin or an attracting basin. By Proposition 5.1,
the map is either renormalizable or x-renormalizable. It is known that every bounded Fatou
component of a quadratic polynomial without a Siegal disk is a Jordan disk; it turns out that all
Fatou components of f are Jordan disks in this case. O

Proposition 7.7. If f) has a Cremer point, then the Cremer point cannot lie on the boundary of
any Fatou component. In other words, all Cremer points are buried on the Julia set.

Proof. Suppose f; has a Cremer point z, then the Fatou set F(f3) = Uk>0 fk_k(B,\). If z lies
on the boundary of some Fatou component, then after iterations, one sees that z € dB;. By
Theorem 1, there is a periodic external ray R; (¢) landing at z. But this is a contradiction because,
by the Snail Lemma, every periodic external ray can only land at a parabolic point or a repelling
point (see [20]). O

8. Local connectivity of the Julia set J (f})

In this section, we study the local connectivity of the Julia set J(f;). We will prove Theo-
rem 1.3.

The proof is based on the ‘Characterization of Local Connectivity’ (Proposition 8.1 (see [31]))
and the ‘Shrinking Lemma’ (Proposition 8.2 (see [29] or [17])), as follows.

Proposition 8.1. A connected and compact set X C C is locally connected if and only if it satisfies
the following conditions:

1. Every component of C\ X is locally connected. B
2. Forany € > 0, there are only a finite number of components of C\ X with spherical diameter
greater than €.

Proposition 8.2. Let f : C — C be a rational map and D be a topological disk whose closure D
has no intersection with the post-critical set P(f). Then, either D is contained in a Siegel disk
or a Herman ring or for any € > 0 there are at most finitely many iterated preimages of D with
spherical diameter greater than €.
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Proof of Theorem 1.3. 1.If f; is geometrically finite, then J ( f;) is locally connected (see [29]).
Otherwise, the Fatou set F'(f3) = Uk>0 f[k(BA). Because B N P(f.) =1, we conclude base
on Shrinking Lemma that for any € > 0, there are at most finitely many iterated preimages of B,
with spherical diameter greater than €. Based on Proposition 8.1, J(f3) is locally connected.

2. If f, is neither renormalizable nor x-renormalizable, then the parameter A € H by
Lemma 7.2. We can assume that f; is not critically finite; otherwise, the Julia set is locally
connected. Thus, based on Proposition 4.1, we can find an admissible graph. By Lemma 5.1,
none of the tableaux 7'(c¢) with ¢ € C,, are periodic. The local connectivity of J(f) follows
from Proposition 7.1.

3. (The notations here are the same as in Section 7.3.) We need only consider the case when
/i 1s not geometrically finite. In this case, the Fatou set F (f)) = Uk>0 f[k(Bk). Note that for

any z >0, fu(z) >2,/2" - % =2V/A =v;". Thus, {f{ () k >0} C [v], Be,]-

If vr = ﬁéo, one can easily verify that the triple (f3, U, V) is quasi-conformally conjugate to

the quadratic polynomial z > z> — 2, which is critically finite. Therefore, f; is also critically
finite, and the Julia set ii locally connected.
If v;t1r > B/, then Ty N [v;\",ﬂco] = { by Remark 7.1. Because P(fy) C [Py, v, | U

co’ _
[v;\", Beol U {0}, we have T, N P(f;) = ¥. Based on Proposition 8.2, for any € > 0 there are
at most finitely many iterated preimages of 7) with spherical diameter greater than €. Based on
Proposition 8.1, the Julia set is locally connected. O
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